The literature on drying sessile droplets and deposition of suspended material is reviewed including the simple explanation of the "coffee ring" deposit given by Deegan et al.
Introduction
The drying of a sessile droplet of water or other volatile solvent, carrying nonvolatile solute or colloidal particles, typically leaves these materials as a nonuniform deposit or stain on the substrate. The stain pattern is highly distinctive of the heat, momentum, and mass transport processes within the droplet during evaporation, the behavior of the threephase contact line, and of the interactions of the deposited material with the interfaces of the droplet with the substrate and air. Such deposits, and their uniformity, are vital to technologies as ancient as writing with ink, and as modern as the manufacture of DNA microarrays. Intense study of the physical chemistry of drying droplets began with the publication in 1997 by Deegan et al. 1 of an explanation of the ubiquitous "coffee stain" deposit formed by colloid-containing water droplets; see Figure 1 . In the years since, studies of this "simple" problem have revealed that the pattern formed is influenced by a wealth of phenomena: evaporative mass transfer, heat conduction and convection, natural convection, viscous and inertial flows, surface-tension-driven flows, thermal-hydrodynamic instabilities, buoyancy effects, liquid spreading, contact-line pinning and depinning, adhesion, and others. In general, the phenomena are coupled and nonlinear, necessitating a numerical analysis to explain them. Under certain conditions, however, the drying of a sessile liquid droplet, and even the deposition pattern that results from this, can be described analytically.
This mixture of complexity and simplicity makes the drying droplet problem a fascinating one. The coupled heat, mass, and momentum transport driven by a phase change in a drying droplet raises many of the issues involved in distillation and boiling, yet the liquid confinement and controlled interfaces of a small droplet are unattainable in these other, larger-scale, flows. In addition, the drying droplet is a rich source for study of the dynamics of liquid/solid interfaces, including contact line movement. When deposition occurs from the drying droplet, issues of colloidal mechanics, surface interactions, adhesion, nucleation and crystallization arise, again in a compact and relatively controlled setting.
Because of the rapid growth of work on the drying droplet problem over the last decade and a half, it seems fitting to review what has been learned, and what remains unresolved. The first part of this review focuses on macroscopic mass, heat, and momentum transport. These transport phenomena are organized around dimensionless groups that define the dominant phenomena and the various regimes of drying, as functions of the size of the droplet, the rate of evaporation, and the properties of the fluid and substrate, and of the surrounding gas. In the latter portion of the review, I discuss the formation of the patterned deposit, including the influences of interfacial phenomena at the liquid-substrate interface and the liquid-substrate-gas contact line, including the effects of the deposited material on these phenomena. This latter discussion of interfacial phenomena is more qualitative, since theories for these are less developed, and even identification of the relevant dimensionless groups can be difficult. Experimental work in this area is not as systematic as that for the macroscopic transport. While we will find some phenomena that are common to many deposits, efforts to map out the conditions required to obtain a particular deposition pattern are in their infancy.
Perhaps the simplest case to consider is also one that most readily leads to the contact-line or "coffee-ring" stains described by Deegan et al. 1 Namely, a millimeter-sized droplet of water or other volatile liquid with pinned contact line, shaped as a spherical cap with modest contact angle, dries slowly as the liquid evaporates along its interface into stagnant gas, and is transported away from the interface by vapor-phase diffusion. In this case, the vapor-phase mass transfer and liquid phase momentum transfer reduce to simple quasi-steady linear transport problems and the vapor mass transport problem has an analytical solution that provides a boundary condition for the fluid flow problem.
If, in addition, one can also assume that variations in droplet temperature are insufficient to generate buoyancydriven or surface-tension driven flow (i.e., Marangoni flow), then the fluid flow problem has a simple analytical solution, obtained by the lubrication approximation. If one can also assume that the depositing material cannot diffuse rapidly to the substrate, but must be transported there by flow, then one can readily explain the formation of the contact-line deposit, or coffee ring. In many cases, however, the drying process leads to evaporative cooling sufficient to create a surface tension gradient that can drive Marangoni flow and/ or buoyancy-driven flow. The flow will thus be sensitive to the temperature gradient, and hence to phenomena that influence heat transfer, including the liquid and substrate thermal conductivities, the convection in the droplet, and possibly even the thermal conductivity of the gas. Still, in some cases at least, analytical solutions are possible within the lubrication approximation, even when Marangoni flow is strong.
However, the droplet might be too large to retain the shape of a spherical cap, and thus may sag or spread under gravity, and even begin to evaporate during the droplet spreading. The contact line might not remain pinned, but may move in a complex manner that depends on substrate properties and on the presence of deposited solids. The gas phase may not be stagnant; even if external air currents are blocked, the gas phase may be set in motion by buoyancy effects (i.e., natural convection) resulting from the drying of the droplet. The droplet may cool enough to reduce the vapor pressure enough to slow the overall rate of droplet drying. If the droplet contains more than one molecular component different vapor pressures of the components will likely lead to additional surface tension variations and compositional variations in the droplet and these can drive convection. If the drying is very rapid, there may be interfacial resistance to mass transfer that affects the drying rate. Rapid drying may also cause the flow in the droplet to become unstable and even turbulent, greatly affecting the mass and heat-transfer processes. This review will not cover all these phenomena in detail, but will attempt to assess when each can be neglected or must be considered, and to describe its impact on transport. Fortunately, there is now a large body of experimental literature exploring a wide range of conditions and encompassing all of the phenomena mentioned previously. Theoretical and computational results have been less extensive so far, but scaling estimates and correlations are available in many cases, as well as some analytical and numerical results, which will also be reviewed here. The article is outlined as follows. In the section on "Typical" Values of some Droplet Parameters, I give formulas for rates of evaporation, and drying times, for sessile droplets with spherical cap shapes and tabulate data needed to use these estimates for some common liquids. In the next section, I describe the simplest case of a small sessile spherical-cap droplet, with pinned contact line, slowly evaporating in stagnant air, with no thermal effects. The flow field for this case is expressed analytically using a lubrication approximation for flat droplets. Full analytical solutions are also now available for arbitrary contact angle, for both inviscid and viscous flows, and results from these solutions will also be discussed. In the section on Dimensionless groups, I define the dimensionless groups that control the processes of momentum, heat, and mass transport. In the sections following this, the magnitudes of these groups are estimated for small for 1-mm-radius droplets composed of moderately volatile liquids, such as water, short-chain alcohols (ethanol up to hexanol) or short-chain hydrocarbons (e.g., octane). Where possible, examples are given of how the phenomena quantified by these groups affect the drying droplet transport processes. The discussion of these dimensionless groups and corresponding phenomena are grouped into sections on the effects of: droplet shape, momentum transport, thermal transport and thermally driven flows, gas-phase transport, and substrate effects. In particular, I show how Marangoni flow can be introduced into the lubrication solution and I assess thermal effects at short times after drying commences and after a quasisteady state is reached. An assessment is also given of the possible effect of thermally induced buoyancy on the droplet flow field. I also consider how buoyancy effects in the gas phase can affect the evaporation. The effect of the substrate, in particular its thickness and thermal conductivity, relative to those of the droplet, on the direction and magnitude of the Marangoni flow are considered. In the section on Moving Contact Line and Precursor Films, I consider the effect of a moving contact line on drying. In the section on Deposition Patterns, I review Figure 1 . (a) Photograph of a dried coffee drop, whose perimeter is produced by deposited coffee particles.
The formation of the "coffee ring" results from the pinned contact line, the evaporative flux which removes liquid across the entire surface of the droplet, and the retention of the spherical-cap shape of the droplet, which drive fluid to the droplet's edge. This is illustrated in (b), where the loss of liquid due to evaporation in (1) is imagined to occur in the absence of fluid flow, which would lead to retreat of the contact line from A to B. In reality, the pinning of the line at A forces fluid to flow to the edge to replace liquid evaporated there, as illustrated in (2) the kinds of deposition patterns that can occur when salts, colloids, surfactants, and polymers are present in the liquid. Finally, I summarize and suggest major areas where more work is needed.
"Typical" Values of some Droplet Parameters I define q L to be the liquid phase density and m L its viscosity. U ML is the characteristic velocity in the droplet induced by the droplet's loss of mass (i.e., in the absence of thermallydriven flows), R is the droplet radius, and r is the liquid-air surface tension. I define q vap (r,t) to be the density of the vapor phase (mass per unit volume of gas) of the evaporating liquid just above the droplet-air interface. In general, q vap will depend on the radial position r along the interface at time t, and it is usually just the saturation value at the temperature of the interface. (An exception occurs for very low-ambient pressures as discussed later.) For ambient pressures near atmospheric, the saturation vapor density is related to its vapor pressure P vap via the ideal gas law P vap 5 q vap R gas T/M, where R gas 5 8.3 J/(mol K) is the gas constant, T the absolute temperature, and M the molecular weight of the evaporating fluid, which is around 18 g/mol for water and 46 g/mol for ethanol. For ethanol, this gives q vap %10 24 gm/cm 3 , and liquids with lower vapor pressure have proportionately lower vapor density. We take q G to be the total gas density, which is approximately constant in most cases.
For droplets of water or small-molecule organic liquids, such as those tabulated in Table 1 , m L $ 1-5 cP, q L % 1 g/cm 3 and q vap < 10 24 g/cm 3 . The mass diffusivity of vapor at room temperature and pressure is typically around D vap 5 0.05 to 0.3 cm 2 /s, while the heat diffusivity in organic liquids and water is very roughly a L 5k L =q L c p;L $ 10 23 cm 2 /s, where k L is the thermal conductivity of the liquid, and c p,L is the liquid's heat capacity, which is around 4.19 J/(gK) for water at room temperature and around half of this for ethanol. The surface tension r of the liquid is around 20-25 dyn/cm for organic liquids and around 70 dyn/cm for clean water. Droplets of radius R 5 1 mm, composed of liquids with saturation vapor pressures either less than, or at least not much higher than, that of water, i.e., below around 5 kPa, dry out at room temperature and pressure at rates of 2 _ m % 5 x 10 26 gm/s or less, as can be inferred from the average rate of evaporative mass transfer given by 3 2 _ m % pRD vap ð12HÞq vap ð0:27 h 2 11:30Þ % 5RD vap ð12HÞq vap ðfor h5p=6Þ
where H is the relative vapor pressure (or humidity for water) far from the droplet and can be taken to be zero if the vapor is absent from the ambient air far from the droplet. Here q sat is the saturation concentration of vapor at the temperature of the droplet surface. The first expression in Eq. 1 is a reasonably accurate (within a few percent) for contact angles h between 0 and 90 . The expression with the coefficient "5" on the right side of the above is obtained for a contact angle of 30 or so. For very small contact angles, this prefactor should be 4, while for a 45 angle, it should be close to 6. Here we are assuming that the droplet temperature is close enough to the ambient temperature of the surrounding gas that the saturation vapor pressure is the value at ambient temperature. The relationship between droplet volume and time given by Eq. 1 agrees with experimental measurements of Birdi et al 4, 5 and Rowan et al. 6, 7 for droplets with pinned contact line, and yields a nearly linear relationship between droplet volume and time for contact angles less than 40 . Droplets of modest height to radius ratio h 0 /R have volumes of very roughly V % h 0 R 2 and for H 5 0 completely evaporate in a drying time of around
For the "typical droplet" considered here, with h 0 /R of around 0.5, this gives a drying time t f ranging from around 200 s for the most volatile liquid in Table 1 (ethanol), up to 10,000 s (i.e., around 3 h) for the least volatile (hexanol).
If the flow in the droplet is entirely due to the loss of mass, its characteristic velocity near the start of the drying process will be roughly U ML $ R/t f $ 5 3 10 24 cm/s 5 5 mm/s for a drying time of t f 5 200 s and as low as U ML $ 10 25 cm/s 5 0.1 mm/s for the less volatile liquids in Table 1 . As drying progresses, this velocity increases and can be estimated at any point in the drying by taking t f to be the time remaining before drying is complete. I will discuss thermocapillary effects shortly, which can greatly increase the characteristic velocity U, well above the mass-loss value U ML . A formula for the height-averaged velocity will be given below, which supports this scaling law for U ML .
From Eq. 1, the average evaporative mass loss per unit area of substrate surface (i.e., the mass flux) is given by
which is around 10 24 g/cm 2 s or less, for vapor concentrations of q vap < 10 24 g/cm 3 . The average rate of heat loss due to latent heat of evaporation is then J ave DH vap , where DH vap is the heat of vaporization per unit mass of liquid. If this is balanced by steady-state heat conduction from the substrate, whose rate is around k L DT/h 0 , where k L is the thermal conductivity of the liquid, one can estimate the steady-state temperature change from the bottom to the top of the droplet due to drying as 
In the last approximation in Eq. 4, the contact angle is taken to be less 90 , and the prefactor "2" is a rough approximation over this range, only valid to within 30% or so, but accurate enough for a simple estimate. For a molecular weight of around 50 g/mol (close to that of ethanol), according to Table  1, DH vap is around 10 3 J/gm. (Note that the values for latent heat given in Table 1 are per mole, rather than per unit mass.) For h 5 p/4, corresponding to h 0 /R 5 0.5, this yields a temperature drop of around 5 C for the more volatile liquids in Table  1 down to 0.1 C for the less volatile ones. Based on the aforementioned estimates, the values for the dimensionless groups for the "typical" droplet are estimated shortly, along with the implications for transport. The aforementioned estimates of evaporation rates, fluxes and times in Eqs. 1-3 can readily be rescaled for smaller droplets using the earlier formulas. A picoliter droplet of ethanol, with radius R % 10 mm, for example, would be expected to dry out in $0.02 s. Thus, by using such scaling rules, the behavior of droplets too small or too rapidly drying to be easily observed, may be inferred. One must be careful, however, to check that assumptions valid for the larger droplets still apply for the smaller ones; dimensionless groups given below can help in this determination. With the same caveat, the aforementioned formulas can also be applied to droplets much larger than R 5 1 mm, as long as one notes that they will sag under gravity, and, thus, have heights that are roughly independent of radius and of contact angle. If the contact line is not pinned, but retreats during drying, the scaling formulas are similar but with different prefactors.
Simplest Case: Spherical-Cap shape, Pinned Contact Line, Quasi-Steady Diffusive Transport
The analysis of mass transport from a drying droplet, and the resulting fluid flow within the droplet is greatly simplified when the evaporating droplet retains the shape of a spherical cap, with pinned contact line. The spherical cap shape is represented by hðr; tÞ5 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi R 2 =sin 2 hðtÞ2r 2 p 2R=tan hðtÞ
where h(r,t) is the local height of the droplet, which is a function of radial coordinate r, and is a function of time t through the time dependence on contact angle h(t). (The contact angle must change as the droplet dries if the contact line is fixed and droplet radius R is, thus, constant. If the droplet radius shrinks, and the spherical-cap shape is maintained, then R(t) is a function of time.) To a good approximation, Eq. 5 can be simplified for relatively flat droplets to a parabolic profile h5hð0; tÞð12r 2 Þ
wherer r=R is the dimensionless droplet radius. The contact angle in this case is given by h(t) 5 2h(0,t)/R. The initial height of the droplet is denoted by h 0 5 h(0,0). The droplet will retain this shape if it is too small to sag under gravity, and the flow in the droplet is too feeble to distort the interface shape.
Additional simplifications that sometimes hold include that the droplet evaporates slowly enough into stagnant air that mass transfer is vapor-phase diffusion limited, the flow within the droplet is of low Reynolds number, and the heat, mass, and momentum transport processes are all at quasi-steady state. The conditions under which these simplifications are reasonable are discussed later using dimensionless groups that we define in the next section. We will also estimate values for these dimensionless groups for "typical conditions" that we define in the sections following this. In the simplest case, the problem reduces to solving only the quasi-steady-state vapor concentration field, which is controlled by vapor diffusion, and the quasi-steady-state droplet velocity field, which is controlled by the evaporative mass loss and viscous drag. The geometry is that of a spherical cap. These two problems reduce to a Laplace equation for vapor field above the droplet, and a Stokes flow problem within the droplet. The coupling between these problems is one-way: the vapor concentration field determines the flux of vapor from the droplet interface, and this, combined with a mass balance and the requirement that when the droplet shrinks it retains a spherical-cap shape with a pinned contact line, establishes a height-averaged radial liquid velocity that must be attained to enforce these conditions. This problem was first solved in a simplified manner by Deegan et al., 1 in a now-famous article that first explained the "coffee ring" effect.
The vapor concentration field can be derived from a solution of Laplace's equation with boundary conditions that (1) the vapor density is fixed at q vap along the spherical-cap surface, (2) the vapor flux is zero along the substrate surface not covered by liquid, and (3) the vapor concentration is constant at a value of Hq vap far above the droplet surface. Here H is the fractional "humidity" or the equivalent of humidity for nonaqueous droplets. The analytical solution to the Laplace equation in this geometry was given by Lebedev 9 and Picknett and Bexon. 10 For relatively flat droplets, the flux of vapor from the surface of the droplet that is derived from this solution can be approximated by
where the exponent k is a function of the contact angle kðhÞ 50:52h=p with h in radians, and J o (h) given by 3 The form used by Deegan et al. 1 is asymptotically correct near the contact line, but seems to be less accurate overall than the form introduced by Hu and Larson. Note that either Eq. 7 or the formula of Deegan et al. gives an evaporative flux that is singular at the contact line, when the contact angle h is less than p/2 or 90 , so that k in Eq. 7 is greater than zero. Eq. 7 agrees quite well with a finite element solution for the evaporation flux by Widjaja and Harris From the vapor flux boundary condition, and a mass balance, the height-averaged velocity can be derived u r ũ r t f R This height-average velocity has a singularity at the contact line, wherer ! 1, which arises from the singularity in evaporation rate at the contact line. To remove this singularity, Fischer 13 and Masoud and Felske 14 took the evaporation rate to fall rapidly (exponentially) toward zero very near the contact line. Another way to remove the singularity in velocity is to relax the no-slip boundary condition so that a finite velocity occurs near the contact line. Either method allows formulas for the full velocity field for droplets of arbitrary contact angle to be derived analytically for spherical-cap droplets using toroidal coordinates, or for cylindrical-cap droplets using biharmonic coordinates, for either pinned or moving contact lines.
14,15 Such solutions are complex however, and to show the main features, we will first invoke the lubrication approximation to obtain the velocity field from the height-averaged radial velocity of Eq. 9. In this approximation, valid for relatively flat droplets, one simply assumes a parabolic velocity profile over the local height h(r,t) of the droplet, with a no-slip condition on the substrate (z 5 0) and a no-shear-stress condition at the interface between the droplet and air (z 5 h(r,t)). One also requires that the integral of this velocity profile, divided by h(r,t), must yield the heightaveraged profile given in Eq. 9. The lubrication approximation assumes that the flow field is predominantly radial, with the largest gradient in radial velocity being the gradient in the axial direction; i.e. @v r =@z ) @v r =@r. . As before, t f is the drying time, R is the contact line radius, and h o is the initial height of the droplet. Also _ h 2@hð0; tÞ=@t, which appears in the denominator of the definition ofJ, is the time rate of change of droplet height. The normal lubrication approximation, which assumes that the shear stress at the surface of the droplet is just l L @v r =@z, yields only the first term in the aforementioned expression. However, in principle, the shear stress is the sum of l L @v r =@z plus l L @v z =@r, the latter term normally taken to be small both because the axial velocity is smaller than the radial velocity and because the radial length scale R is larger than the vertical scale h o . However, both velocities become singular at the contact line, and derivatives with respect to radial coordinate r become even more singular, due to the singularity at r 5 R in Eq. 9. Since the singularity becomes stronger as the droplet gets flatter, the neglect of the higher-order term no longer becomes rigorously valid as the droplet becomes arbitrarily flat. Thus, it turns out that retention of the "higher order" term l L @v z =@r, yields an improved approximation to the velocity field, as revealed by finite element analysis of the full Stokes equation without the lubrication approximation. 12 The contribution of the added higher order term is underlined in Eq. 10.
Using the known radial velocityũ r in Eq. 10, the vertical velocityũ z can be derived through the continuity equation, giving
Again, the underlined terms are the result of inclusion of the higher-order term in the radial velocity.
The flow field obtained from this lubrication approximation is surprisingly accurate, even for contact angles as large as 40 , as shown by comparison to finite element solutions. 12 An illustrative velocity field from a finite-element solution is shown in Figure 2 . A similar flow field was obtained analytically without the lubrication approximation, and with the contact line singularity removed, by Masoud and Felske. 14 The effect of the evaporation flux profile was explored by Petsi and Burganos 15 for a cylindrical-cap droplet in Figure 3 . Note in Figure 3 that for a contact angle of 60 the flows are similar for uniform flux and diffusion controlled flux, even though the latter becomes singular (or nearly so) at the contact line. The effect of the singularity at the contact line is weaker, however, for a contact angle of 60 than for smaller angles, and in fact diffusion-controlled evaporative flux is uniform in when h reaches 90 (see Eq. 7). Also, the effect of the singularity should be weaker for a cylindrical cap than for a spherical one. Figure 4a , which is the left side of Figure 4 , shows the streamlines in a spherical-cap droplet for the case of a contact angle of 90 , for which the evaporative flux is uniform along the droplet surface. Shown in Figure 4b , which is the right half of Figure 4 , is the solution for an inviscid fluid, subject to the same boundary conditions except that the no-slip condition on the substrate is dropped. The inviscid flow solution was derived by Tarasevich 16 as an infinite sum of Legendre polynomials. For tall droplets (e.g., those with 90 contact angle), there is a remarkable similarity between the viscous and the inviscid solutions, because the influence of the no-slip boundary condition is negligible on the flow field near the top of the droplet, which is dominated by the mass outflow due to evaporation. For a droplet with a contact angle of 40 , the viscous flow differs significantly from the inviscid flow, as can be seen in a direct comparison of the two in Masoud and Felske.
14 Nevertheless, the qualitative features of the flow remain the same: there is a downward and outward flow, induced by the constraints of the pinned contact line and the spherical-cap shape of the droplet. These constraints mean that fluid that evaporates from the droplet edge must be largely replaced by fluid flowing from the center of the droplet. The finer details of the flow depend on the evaporative flux profile, the droplet height, and the no-slip condition. For viscous flow, removal of the contact line singularity using a slip coefficient has little effect on the flow pattern, as long the slip length is much smaller (1000-fold smaller) than the droplet radius. 15 (The "slip length" is the product of slip velocity and fluid viscosity, divided by shear stress.)
Apart from the contact line singularity in velocity, the flow depicted in Figure 2 is weak, of order a few microns/s. The case considered in Figure 2 is typical of 1 mm radius water droplets, or droplets of similar volatility, at room conditions. As we shall see in the next section, we normally expect that even small temperature variations along the surface of the droplet, produced by latent heat of evaporation, will lead to velocities much larger than this, and so the solution shown in Figures 2-4 should rarely be valid. If one slows the rate of evaporation greatly to reduce temperature gradients, this will also slow the base flow shown in Figure  2 to the same degree, since the velocity field is linear in the evaporation rate. Thus, as long as the flow field is linear in the evaporation rate, the relative importance of Marangoni flow is insensitive to the droplet volatility. Nevertheless, surprisingly, for water droplets, the Marangoni flow is often very weak, much weaker than predicted. This has not been fully explained, but is thought to arise from the ease with which water droplet surfaces become contaminated by surface-active agents leached from solid surfaces or absorbed from the air. Were Marangoni flow as strong in water as it theoretically should be for pure water, it is doubtful that the "coffee ring" phenomenon would be a common observance.
The simple flow fields discussed in in this section are only valid when multiple complicating effects can be neglected, the strengths of which are governed by various dimensionless groups defined in the next section. There are a large number of such groups, which I will consider one at a time in the four sections subsequent to this. In these sections, I will estimate the values of these dimensionless groups for "typical" droplets of moderately volatile liquids of around 1 mm radius, at atmospheric pressure and temperature, and assess the implications for droplet transport. I will first consider the dimensionless groups governing droplet shape, then those governing viscous flow, then ones governing thermal effects, substrate properties, and gas-phase properties.
Dimensionless Groups
Eight continuum quantities controlling droplet shape and fluid flow in the droplet are t f , h 0 , R, q L , U, m L , r, and g, which are the droplet drying time, droplet height, radius, liquid density, characteristic velocity, kinematic viscosity, the droplet/air surface tension, and the gravitational constant, respectively. From these eight quantities, five dimensionless groups can be formed. The quantities t f , h 0 , and q L can be used to define basic units of time, distance, and density (or mass), from which dimensionless groups are formed for each of the remaining five quantities. Following this procedure, we obtain first the geometric aspect ratio h 0 /R of droplet height to radius. Next is the Strouhal number Sr Ut f =R defining the ratio of drying time to the time needed for a fluid particle to traverse the droplet radius by flow. As discussed earlier, if the flow in the droplet is entirely due to the loss of mass, its characteristic velocity is roughly U 5 U ML $ R/t f , and so in this case the Strouhal number is unity, a trivial result. However, thermal effects, such as Marangoni flows can produce much higher velocities U, and so the Strouhal number will then be very large, and it will enter our discussion of thermal effects shortly. Next, is the Reynolds number Re Uh 0 =m L , which governs the ratio of convection to diffusion of momentum. Then, the capillary number Ca l L U=r is the ratio of viscous to surface tension forces (note that m L 5 m L q L ), and finally the Bond number Bo q L gh 0 R=r is the ratio of gravitational to surface tension forces. I note in passing that the combination ðBo = Ca Þðh 0 =RÞ5gh 0 2 =m L U St is the Stokes number, 18 sometimes invoked to describe the ratio of gravitational to viscous forces. Since it is a combination of other dimensionless groups that are more useful for our purposes, I consider it no further. I also note that of the eight quantities above, two of them, the drying time t f and the characteristic fluid velocity U, are dependent variables that are controlled by the mass and momentum transport physics. For example, in the simplest case discussed earlier, the drying time t f is given by Eq. 2 in terms of the vapor diffusivity, droplet dimensions, and liquid and vapor densities, and the scale of the fluid velocity set by the droplet rate of mass loss is simply U ML $ R/t f .
Next, we introduce seven independent quantities governing thermal effects in the droplet, namely k L , which is the liquid thermal conductivity, c p,L , the liquid heat capacity, DH vap, the heat of vaporization, DT, the temperature difference across the droplet b 2dð'nq L Þ=dT, the thermal expansion coefficient dr=dT, the temperature coefficient of surface tension, and b vap dð'nq vap Þ=dT, the temperature coefficient of equilibrium vapor density. We note that a L , the thermal diffusivity, is obtained from the thermal conductivity k L , heat capacity, and density by a L k L =ðc p;L q L Þ. To avoid adding heat and temperature as new dimensional units, we group these quantities so that units of heat and temperature disappear. We obtain the following five quantities: a L , DH vap /(c p,L DT), b DT, (dr/dT))DT and b vap DT. Using parameters from our earlier list, we can turn these quantities into five dimensionless groups. First a L is made dimensionless in the Prandtl number Pr m L =a L , which is the ratio of liquid momentum to thermal diffusivities. An alternative to the Prandtl number Pr is the product group PrRe5Uh 0 =a L , which is the ratio of convective to diffusive heat transport and, is, therefore, the heat transfer counterpart of the Reynolds number Re. (PrRe can also be thought of as an inverse Stanton number, the ratio of heat convection to heat diffusion.) Next, we make the ratio of heat capacity to latent heat dimensionless through the evaporation number E t f /m L R, which is a ratio of buoyancy-driven convection to the mass-loss velocity R/t f . A more commonly used alternative to this is the liquid phase Grashof number Gr L bDTgR 3 =m L 2 , but the buoyancy number will be more useful for our purposes. Then, the temperature coefficient of surface tension is made dimensionless in the same way as the buoyancy number to form the Marangoni number Ma U 2 dr dT DTtf h0 l L R 2 . Again, this definition, while different from other choices, serves our purposes in what follows. Finally, the temperature coefficient of equilibrium vapor pressure was already made dimensionless above by having multiplied it by the temperature difference b vap DT. These definitions will be discussed in more detail following.
In the gas phase, the properties that matter are the vapor diffusion coefficient D vap and vapor density q vap , as well as the gas-phase density q G , kinematic viscosity m G , and thermal conductivity k G . From these, we can form five dimensionless groups, namely the dimensionless vapor diffusivity D vap t f /Rh 0 , the vapor density relative to liquid density q vap /q L , the gas-to-liquid density ratio q G /q L , the gas-phase Grashof number Gr G
, and the ratio of thermal conductivities of gas to liquid k G /k L . (The latter is around 0.04 for a water droplet in air, and around 0.15 for organic liquids in air.) Finally, the thermal properties of the substrate are its thermal conductivity k S , thermal diffusivity a S k S =c p;S q S , and thickness h S , from which we can form three dimensionless groups, namely k L /k S , the ratio of liquid to substrate thermal conductivities k L h S / k S /h 0 , the ratio of thermal resistivity of the substrate to that of the liquid, and h S 2 =a S t f , which is the ratio of substrate thermal equilibration time to the droplet drying time. This assumes that the substrate has large lateral dimensions compared to the droplet radius. The wetting properties of the substrate are also relevant, but the most important of these, the initial contact angle h 0 , is already implicitly included in our list of dimensionless groups, through the droplet aspect ratio h 0 /R, which for relatively flat droplets is related to the contact angle by h 0 5 2 h 0 /R.
We noted earlier that the drying time t f is really a dependent variable that depends on the vapor phase diffusivity. For example, for the simple drying case, we have
, giving for the dimensionless group D vap t f / Rh 0 the value of 0.2q L /q vap . Because of this dependency, the dimensionless group D vap t f /Rh 0 is really a dependent variable, namely a dimensionless drying time scaled by vapor diffusivity and obtainable from other dimensionless groups (e.g., q vap /q L ) through solution of the mass transport problem. Another dependent variable is the velocity U, and we can consider the Strouhal number Sr 5 Ut f /R to be a dimensionless velocity obtained from the Navier-Stokes (or momentum-balance) equations. Finally, if no temperature difference is imposed across the droplet, a dimensionless temperature difference, for example either E 
Dvap tf Rh 0 . Thus, Eq. 4 can be rewritten in terms of our dimensionless groups as
R , showing explicitly how E is obtained from other dimensionless groups through solution of the heat equation. Of course, in general, all equations are coupled, and the solutions for the three dependent groups must be obtained from a simultaneous solution of the coupled momentum, heat, and mass transport equations.
We recap by noting that we obtain five dimensionless groups by considering the geometry, drying time, and viscous properties of the droplet fluid, and another five groups by considering thermal effects in the liquid phase. Five additional groups emerge from the gas and vapor properties, and three groups from considering the thermal properties of the substrate. This gives 18 continuum dimensionless groups governing transport, with two or three relationships connecting them, depending on whether or not a temperature difference is imposed across the droplet. These 18 groups are listed in Table 2 , along with typical values of them for small droplets under conditions considered here. The 23 independent parameters used to define these groups are given in Table 3 , where the five units of time, length, mass, energy, and temperature allow the 18 given groups to be uniquely defined from the 23 parameters. Other parameters could enter, of course, depending on the physical situation. For example, if the substrate has a radius R s not much larger than that of the droplet, or if a portion of the substrate of radius R s , concentric with the droplet, is heated, then the group R s /R enters the analysis, as discussed briefly later. Additional quantities also enter if the droplet contains two volatile liquids or gas is blown across the droplet, for example. Even if no other continuum level quantities enter the problem, there are molecular or microscopic variables that can play a role in some cases. For example, if the contact line is pinned, the fluid near the contact line must slip along the solid substrate, and this slip is governed by a constitutive equation that contains parameters such as the slip length, which is typically of order molecular size. The ratio of this to the droplet radius is a dimensionless group whose small (but non-zero) value can make results insensitive to its exact magnitude. If the contact line moves, there is another constitutive equation describing this, again with a length parameter governed by microscopic or molecular quantities. 18 The evaporation might be kinetically controlled under some circumstances, and the kinetic energy of the vapor molecules and their mean free path in the vapor can then play a role in the rate of evaporation. The wetting characteristics of the liquid with the substrate can introduce parameters such as the Hamaker constant that control transport in thin films near the contact line. Finally, if particles, polymers, crystals, or other deposits are left by the drying droplets, then additional parameters describing their physicochemical and transport characteristics will appear. One of the more important of these is the dimensionless solute diffusivity Dt f / R 2 , which characterizes the ability of the solute with diffusion coefficient D to diffuse across the droplet during the time of evaporation. Except possibly for small molecule solutes, this group is typically small for millimeter size droplets, so that the solute cannot maintain uniform concentration during drying. Other possible dimensionless groups involving solute properties will not be included here, since just the continuum dimensionless groups already present a daunting list. Fortunately, many dimensionless groups can be neglected in various cases. In the sections that follow, I assess the magnitudes of these dimensionless groups for the "typical" droplet parameters discussed in the second section.
Before presenting the "typical" values of the various groups, it is important to emphasize yet again that the massloss velocity, U ML $ R/t f < 5 3 10 24 cm/s, does not account for thermally-driven flows, such as Marangoni flows. We will soon see that Marangoni effects can be expected to produce velocities as much as 10 4 times higher than this, depending on the conditions of heat transfer. Because of this, in what follows I will include the effect of Marangoni number Ma U in parentheses, in estimates of the dimensionless groups that involve fluid velocity. Since the Marangoni number Ma U as defined earlier is the ratio of the magnitude of the expected Marangoni velocity to the mass-loss velocity, if Marangoni stresses are small or absent, then the correct value of the dimensionless group is obtained by simply dropping Ma U or replacing it by unity in the following equations.
Dimensionless Groups Controlling Droplet Shape
This tiny value of the capillary number means that the flow in the droplet cannot influence the droplet shape and the shape will be set by interfacial tension, and possibly gravity. Even the presence of thermally-driven flows, such as Marangoni flows, is not likely to increase the capillary number by the sixor seven-orders of magnitude needed to change this conclusion, until the droplet becomes very flat. This exception for flatness derives from the very low-interfacial curvature that results if h 0 /R is very small, and the large velocity gradients, and consequently high viscous stresses, that result when the film thickness gets very small. The large velocity gradient results from the requirement that the velocity near the free surface U, must decrease to zero at the substrate, due to the noslip condition. As a result of these considerations, the stress from viscous flow becomes comparable to that from capillarity when the droplet height-to-radius ratio decreases to h 0 /R $ Ca 1/3 . For "typical" droplets considered here, this condition is realized only when the droplet reaches a height of a few microns, by which time the complex physics of dewetting typically overwhelm the macroscopic fluid mechanics.
Bond number -Bo
Here g 5 980 cm 2 /s is the acceleration of gravity. This aforementioned formula is obtained as the ratio of the capillary pressure r/R to the gravitational pressure head q L gh 0 . The Bond number is less than unity for droplets of size R 5 1 mm, but Bo is close enough to unity that some gravitational distortion of the interface away from that of a spherical cap should be expected. For droplets much larger than 1 mm in radius, droplet heights will be limited by gravity to a capillary height of around h cap % ffiffiffiffiffiffiffiffiffiffiffiffi ffi r=q L g p 5 1-2 mm or so. Droplets whose volume greatly exceeds 1 mL will, therefore, spread into pancakeshaped droplets, or puddles, of height 1-2 mm.
Dimensionless Groups Controlling Momentum Transport Dimensionless momentum equilibration time
When the above dimensionless group is small, the velocity field in the droplet can reach a quasi-steady state well before the completion of drying. "Quasi-steady state" means that the velocity field at a given point in time can be obtained by applying a steady-state momentum balance; that is, the time derivative of the velocity can be dropped from the Navier-Stokes equations. Momentum transfer, or velocity, within the droplet can reach a steady state in a time of around
where m L is the kinematic viscosity. Combining this with the estimate for the drying time of
which is typically much less than unity, because of the very small value of q vap /q L < 10
24
. Hence, t mom is small compared to the drying time t f , and we may neglect the momentum equilibration, and drop the time derivative in the Navier-Stokes equation. Another way to obtain this result is to note that the transient term in the Navier-Stokes equation is small compared to the viscous term when the ratio Re/Sr is small, where Re q L UR= l L is the Reynolds number and Sr is the Strouhal number. Sr is unity when U % U ML 5 R/t f , so that flow is only driven by mass loss (with no thermally-driven flows), and U is greater than this when thermal effects drive flows. However, the ratio Re/Sr is independent of velocity and so can remain small whether or not Marangoni flow is present. Thus, momentum transfer comes to a quasi-steady state well before completion of drying and a quasi-steady state in the momentum balance can be assumed for most of the drying process. This quasisteady can be a linear Stokes flow, if the Reynolds number is small, or a nonlinear flow, if it is large.
Liquid-phase convective vs. diffusive momentum transfer: Reynolds number Re
The Reynolds number governs the ratio of momentum convection to momentum diffusion and is small for our "typical conditions" unless there is strong Marangoni flow. Since we have seen that momentum transfer quickly attains quasi-steady state relative to the drying time, if Re is small, the momentum balance equation reduces to the linear Stokes equation. If there is a dominance of diffusive over convective transport for all three forms of transport-mass, heat, and momentum-then the equations for vapor concentration, temperature, and velocity, are all linear, can be solved readily, and typically produce stable, steady, transport. Note also, however, that strong thermally-generated flows, such as Marangoni flows, may increase the velocity enough to bring the Reynolds number above unity, if Ma U > 200, which should not be uncommon, as discussed in the next section. Once convective terms become important in any of the transport equations, the equations become nonlinear, and instabilities may arise.
Dimensionless Groups Controlling Thermal
Temperature variations in the droplet lead to relative density variations of magnitude Dq L /q L % bDT, where b is the thermal expansion coefficient, which is the fractional increase in liquid volume per degree of temperature rise. For typical smallmolecule liquids near room temperature, b %2 3 10 24 C
21
. The stress created by this density difference is then of order gbq L DTh o , which should produce a characteristic buoyancydriven velocity of around gbq L DTh o 2 /m L . The ratio B U of this buoyancy-driven velocity to the mass-loss velocity
(analogous to the gas-phase Grashof number), we obtain the value for B U given above:
Once the values for t f and DT from Eqs. 2 and 4 are substituted into this expression, we find that B U does not depend on the volatility of the liquid and so should exceed around 100 for most liquids for droplets of radius 1 mm and height around 0.5 mm. This would seem to imply that thermal buoyancy effects are typically large enough to contribute appreciably to the flow in the droplet. However, thermally-induced Bouyancy effects are usually exceeded by an even larger effect that of thermally-induced interfacial-tension driven flows, considered next.
Temperature variations in the droplet resulting from latent heat of evaporation lead to surface tension variations, governed by the temperature coefficient of surface tension, dr/dT, which is around 20.2 dyn/cm C (20.166 dyn/cm C for water near room temperature). The product 2ðdr=dTÞDT is the magnitude of the surface tension difference across the droplet, where DT is the maximum temperature difference along the droplet free surface, usually the difference between the temperature at the top (or center) of the droplet, T c and that at the edge, or contact line T e , so that DT 5 |T c 2 T e |. The temperature coefficient of surface tension dr=dT, is usually negative. The gradient in surface tension is then 2ðdr=dTÞDT=R, and this surface stress drives a velocity gradient, whose magnitude is of order the stress divided by viscosity, or 2ðdr=dTÞDT=ðRl L Þ. The Marangoni velocity is then the droplet height times this gradient, or U Mar $ 2ðdr=dTÞDTh 0 =ðl L RÞ. The ratio of the Marangoni velocity to the velocity driven by mass loss Table 1 with droplet height around 0.4 mm and radius 1 mm, the Marangoni number Ma U ranges from 3000 to 30,000. This value will drop rapidly as the droplet evaporates and h 0 decreases if R is fixed (pinned contact line). Like the buoyancy number, Ma U is rather insensitive to fluid volatility. The large value of this number means that the Marangoni flows will ordinarily be much larger than the mass loss velocity U ML 5 R/t f . We, thus, find that thermal effects, producing buoyancy and especially surface-tension gradients, should strongly influence the velocity field in the droplet. From the aforementioned estimates, one might estimate that the surface-tension driven flow should be roughly 100 times larger than the buoyancy-driven flow, and one might, therefore, expect to be able to neglect the buoyancy-driven flow. However, a more detailed analysis and experiments (discussed later) show that actual Marangoni velocities are around 30-fold lower than the crude estimate given earlier, and can be comparable to buoyancy-driven velocities. In fact, we shall soon see that the thermally-driven velocities are large enough that the fluid can transport heat much faster than occurs by thermal diffusion, and this then attenuates the driving force for thermally-driven flow.
If thermal convection can be neglected (true only under conditions discussed later), then Marangoni effects can easily be incorporated into the lubrication analysis, simply by using the Marangoni stress, s zr 5dr=dr in the boundary condition for the shear stress at the free surface, rather than the no-shearstress boundary condition s zr 50 at the free surface of the droplet. Here s zr is the shear stress, and r is the surface tension. The surface tension becomes dependent on radial location along the free surface because it is temperature sensitive, and temperature varies along the free surface because of uneven evaporative cooling and uneven heat transport to the free surface from the underlying fluid and substrate. Including the Marangoni boundary condition yields the following extra terms in the velocity field
and
whereT
Te2Tc . These extra terms, which add linearly to the velocities given by Eqs. 10 and 11, typically so dominate the flow that Eqs. 12 and 13 provide, to a first approximation the entire flow field. An example flow dominated by the Marangoni contributions is shown in Figure 5a . The corresponding simulated flow field in Figure 5b was derived by neglecting the effect that fluid convection has on the temperature profile within the droplet, which in Figure 5b is taken from the solution to the heat diffusion equation (a Laplace equation), without the heat convection term. The neglect of heat convection is reasonable only if the dimensionless group RePr is small, and when Ma U is large, convection of heat is likely to become important, as discussed later. A careful study of Marangoni and buoyancy-driven convection in drying hydrocarbon droplets was carried out by Savino and Fico. 21 The droplets were hung upside down from a metallic substrate of 2.5 mm radius, equal to the radius R of the hanging droplet, which was comparable to the droplet height h 0 ; see Figure 6 . The temperature field within the droplet was measured by an infrared camera and velocities were measured by the length of streaks formed by small suspended particles imaged over a fixed time periods. Results were compared to the predictions of a finite volume numerical analysis, which included thermal and convection effects both within the droplet and in the surrounding air. Reasonable agreement was obtained between predictions and measurements. For the octane droplet hanging from a surface at ambient temperature, an evaporation-induced temperature difference of DT 5 1.3 C was measured along the droplet surface, compared to a predicted difference of 1.2 C. The average upward velocity along the axis of the droplet was measured to be 8 mm/s, not far from the predicted value of 6.3 mm/s. From the simulations, it was determined that in the absence of buoyancy, this velocity would have been only 3.5 mm/s, which is the Marangoni contribution to the velocity. The Marangoni number for this flow was computed to be Ma dr dT DTR l L aL . Using the scaling analysis described earlier, the characteristic Marangoni velocity is estimated to be
2 % 180 mm/s, 30 times larger than given by the full numerical analysis! The liquid phase Grashof number Gr L bDTgR 3 =m L 2 was determined to be 300 for the octane droplet. An estimate of the buoyancy-driven velocity, from the arguments in the previous section, is U bouy $ Gr L h0 2 R 3 m L % 60 mm/s, which is also more than 10-fold higher than predicted by the full numerical analysis. Thus, the rough scaling formulas give velocities that are about an order of magnitude of higher than the more accurate predictions from full numerical analysis for both Marangoni and buoyancy-drive flows.
Much of this difference is no doubt due to reduction of temperature gradients by fluid mixing via thermal convection, neglected in the simple scaling formulas, and described shortly. Rapid convection within the droplet will transport heat more efficiently than thermal conduction can, and thus limit the temperature differences that drive such flows to begin with. Thus, the negative feedback effects that these flows have on the temperature gradient will be important, and the magnitude of these nonlinear feedbacks needs to be resolved by numerical analysis. Savino and Fico 21 showed that Marangoni convection can enhance the overall rate of heat transfer from the substrate to an octane droplet by almost 50% relative to a stagnant droplet. Even more important is the redistribution of heat produced by convection, which will make the droplet temperature more uniform than it would otherwise be. Thus, while calculation of Marangoni flow by the aforementioned simplified lubrication analysis, with its one-way coupling of the temperature field to the flow field, is useful for qualitative estimates of the flow field, quantitative predictions usually require numerical analysis with two-way coupling of thermal and momentum transport.
Savino and Fico 21 also measured the temperature and flow fields produced in a nonvolatile hanging silicone droplet by The flow field has been corrected for optical distortion due to the spherical lens effect (from Kang et al. 22 ).
heating the substrate to 60 C. A velocity of 8 mm/s could be thereby produced in a 5 centistokes fluid. For octane on a substrate heated to 60 C, where both evaporation and substrate heating drive temperature variations, a velocity of around 50 mm/s was obtained, and predicted.
Marangoni flows can also be induced by concentration gradients produced when droplets of mixed solvent evaporate. An example, depicted in Figure 7 , is in the evaporation of ethanol-water mixtures. Here, the higher volatility of the ethanol should lead to both density variations within the droplet and surface tension variations along the droplet surface, both of which can produce convective effects. The flow depicted in Figure 7 has not been predicted quantitatively, or even qualitatively, to date. At higher ethanol concentrations (20%, for example), the flow is observed to become unstable.
Dimensionless heat equilibration time
Arguments similar to those used for momentum transfer in the previous section can be applied to heat transfer within the droplet, giving a heat equilibration time of t heat $ h 0 2 /a L , where a L is the thermal diffusivity of the liquid, which as mentioned earlier is around 10 23 cm 2 /s for organic liquids and roughly twice as large as this for water. The argument is equivalent to that for momentum transfer, with a L replacing m L . Thus the ratio t heat /t f exceeds t mom /t f by a factor of the Prandtl number Pr 5 m L /a L. The ratio t heat =t f $ 5ðD vap =a L Þ ðh 0 =RÞq vap =q L readily follows as the criterion for attainment of a quasi-steady state. Again, because of the small value of this ratio, we expect thermal equilibration to be faster than the drying process, but less so then for momentum equilibration, because the Prandtl number is usually greater than unity for liquids (Pr is around 7 for water near room temperature). As we will see later, thermal equilibration is much less rapid than equilibration of the vapor concentration field just above the droplet, since the ratio D vap =a L % 10 2 is very large. The aforementioned criterion for attaining equilibration of heat diffusion assumes that the substrate on which the droplet rests has high-thermal conductivity and does not itself take significant time to thermally equilibrate. If the substrate also needs to equilibrate thermally, it will take even longer for heat diffusion to reach a quasi-steady condition. The substrate thermal equilibration time can be estimated to be t substrate $ h S 2 /a S , where a S k S =ðc p;S q S Þ is the thermal diffusivity of the substrate and h S is the substrate thickness. Here, c pS is the heat capacity of the substrate, k S its thermal conductivity, q S and its density. For thick substrates, the substrate thermal equilibration time becomes large, and if it is as large as or larger than the droplet drying time t f , the droplet will not reach a quasi-steady-state before it has completely evaporated. Ristenpart et al. were able to show that for very thick substrates (effectively infinitely thick), the gradients of temperature nevertheless can reach a steady state near the contact line. However, in that case, the overall temperature of the droplet away from the contact line will continue to decrease, as thermal energy is withdrawn from the infinite heat reservoir in the substrate, unless heat conduction from the gas finally supplies the heat needed to offset the loss due to latent heat of evaporation. Transport from the gas will compete with that from the substrate if k G /k S is not too small. In any event, of the three transport processes-mass, heat, and momentum-heat equilibration is typically the slowest, even if heat conduction in the substrate is instantaneous, and so heat transfer will create the longest transients. We will discuss some of the effects of time-dependent thermal equilibration later.
Even when t heat /t f is small, at early times much less than t f , heat has not yet had time to diffuse throughout the droplet, and, thus, in the early stages of evaporation there can be multiple, transient, Marangoni vortices. These are depicted in Figure 8 , which is taken from a simulation of a drying toluene droplet, whose thermal and hydrodynamic properties are close to those of ethanol. This simulated droplet, 2 mm in radius and 1.3 mm high, dries out in around 500 s, but in the first fraction of a second, up to 0.3 s, the surface of the drying droplet is roiled by multiple vortices, produced by a Marangoni (surface-tension driven) instability, similar to the one produced on flat layers of volatile liquid. The condition for such a Marangoni instability on a flat fluid layer is that the Marangoni number, defined in this case by Ma
Here DT is the temperature difference between the substrate (taken to be at constant temperature) and the layer surface, and dr/dT is the temperature coefficient of surface tension. (This Marangoni number differs from the one defined earlier as Ma U .) In the toluene example depicted in Figure 8 , Ma is around 2,800, which greatly exceeds the critical value of 83 required for instability to formation of thermocapillary eddies on a flat fluid layer. These eddies have dimensionless wavelength inversely proportional to the square root of the Marangoni number. For infinite flat layers, the multiple eddies persist, but for a drying droplet, with nonuniform thickness, eddies quickly merge to form a single axisymmetric eddy, which persists throughout Figure 8 , merger of eddies occurs at least 10 times faster than this estimate. Sefiane and coworkers 18 have also carried out simulations of drying droplets over heated substrates and have shown the formation of multiple vortices, which become more pronounced at higher Prandtl numbers Pr m L =a L , or, equivalently, higher t heat /t f . In experiments with droplets on heated substrates, Sobac and Brutin 25 observed "hydrothermal wave" patterns, which could be explained qualitatively by a linear stability analysis. 18 At high enough Marangoni numbers, Ma > 22,000, the flow can become turbulent. 26 Liquid-phase convective vs. diffusive heat transfer:
The product of Prandtl number and Reynolds number, PrRe, governs the relative rates of heat convection and heat diffusion, the former being small relative to the latter when PrRe ( 1. Thus, the two dimensionless groups t heat /t f discussed previously and PrRe are not independent, but are both controlled by Pr. For our "typical droplet" without Marangoni flow, PrRe is small, and heat convection can be neglected. This allows us to use the Laplace equation for heat conduction to obtain the velocity field throughout the liquid droplet, which was used to obtain the flow field shown in Figure 5b . However, when Marangoni flow becomes important, the convection within the droplet becomes much more vigorous, and heat convection will need to be considered.
Using the estimates of the Marangoni number Ma U given below, PrRe is in the range of 3 (for hexanol) to around 1500 (for ethanol). This range extends from negligible convective heat transfer to dominant heat transfer. This can be seen in the numerical results shown in Figure 9 from Barash. 28 The temperature isotherms for hexanol are those for essentially pure conduction, which are nearly parallel lines except near the droplet free surface. However, more volatile liquids show large distortions of the isotherm, owing to the Marangoni recirculation, which carries fluid, and its associated heat, from the edge toward the droplet center, thereby distorting the isotherms. From these isotherms, it is evident that heat convection becomes appreciable once PrRe exceeds around 10 or so. Once this happens, the temperature field is no longer determined by pure conduction and so the Marangoni flow can no longer be expected to follow Eqs. 12 and 13, even for relatively flat droplets. In this case, the nonlinear coupling between heat transfer and fluid flow necessitates a numerical solution to the combined heat/momentum equations.
Finally, we again emphasize that the thermally-driven velocities will enter some of the dimensionless groups considered above. That is, once the velocity U is estimated with Marangoni and/or buoyancy effects included, the estimated values of Ca, and Re must be revised by multiplication by the Marangoni number Ma U . We already performed this multiplication above when considering heat convection. The capillary number Ca is so low (2 3 10
27
) that even multiplied by Ma U it remains below unity, so that the sphericalcap shape is likely to be retained even in the presence of Dimensionless Groups Controlling Gas-Phase Mass and Momentum Transfer Dimensionless vapor-phase mass-transfer equilibration time 2 t vap =t f $ 5q vap =q L < 5x10
23
Since this dimensionless group is small, the vapor concentration above the surface of the droplet reaches a quasisteady state well before the completion of drying. In this context, "quasi-steady state" means that the vapor field above the droplet at a given point in time can be obtained by applying a steady-state mass flux balance; that is, the time derivative of the concentration can be dropped from the mass transport equation. If vapor transport is purely diffusive (i.e., no convection), then the vapor transport equation reduces to Laplace's equation for steady mass transport. The time derivative in principle is needed because the droplet is shrinking with time, and hence the vapor concentration field adjusts continuously to this shrinkage, producing a time rate of change of vapor concentration everywhere. However, if the rate of shrinkage is slow compared to the time required for the vapor field to adjust to that shrinkage, then at each moment in time, a steady-state mass transport equation can be solved, using the instantaneous droplet shape as the boundary condition. The validity of this quasi-steady-state approximation is governed by ratio of the characteristic time for the vapor field to adjust to changes in droplet shape t vap , to the characteristic time for droplet shrinkage, which is just the drying time t f . The former quantity scales roughly as t vap $ Rh 0 =D vap , where D vap is the diffusivity of the vapor, as defined earlier. As discussed earlier, the drying time then scales as t f $ 0:2ðq L =q vap ÞRh 0 =D vap , if the vapor concentration far from the droplet is zero, and is greater than this otherwise. The ratio of these two time constants is just t vap =t f $ 5q vap =q L , which is very small. Droplets that dry in a time scale of, say 1000 s, will have vapor concentrations fields that equilibrate near the droplet within 1 s or so. Hence, the quasi-steady-state approximation for mass transfer is normally very well justified, more so than the corresponding approximations for momentum and heat transfer, at least beyond a time t vap , after the droplet has been deposited onto the surface. I should remark, however, that, unlike the small spatial domain (R or h 0 ) for heat and momentum transport within the droplet, the spatial domain of the vapor field extends to large distances. Hence, while the vapor field within a distance R or h 0 of the droplet is rapidly driven toward equilibrium, the vapor field far from the droplet will equilibrate much more slowly, over time scales proportional to the square of the distance from the droplet. As a result, even though the vapor field near the droplet quickly comes close to quasi-steady state, there will be small corrections to this vapor field that die out slowly, as 1/ͱt 27 Gas-Phase Convective vs. Diffusive Mass Transfer:
Here v G is the kinematic viscosity of the air, which is around 0.15 cm 2 /s at room temperature and pressure, and q G is the density of surrounding gas, which is usually air, with a density of roughly 1.3 3 10 23 g/cm 3 . This differs in general from the density of the vapor from the droplet, q vap , producing a buoyancy effect, which, if large enough, leads to gasphase natural convection. The gas-phase Grashof number controls the onset and strength of this natural convection in the air, which is expected to be weak when Gr G < 1. When Gr G exceeds unity, natural convection will accelerate the rate of evaporation of the droplet, which will then no longer be diffusion-controlled. On the other hand, when Gr G < 1, and when vapor mass transfer is quasi-steady, the vapor phase concentration field will satisfy Laplace's equation, a linear equation, at each instant in time. From the aforementioned estimate, Gr G slightly exceeds unity for ethanol; however, for less volatile liquids natural convection should be weak, unless the droplet radius is larger than 1 mm, in which case Gr G becomes large, due to the its dependence on the cube of R.
If the droplet radius exceeds around 1 mm or so, so that natural convection is important, the Bond number Bo q L gh 0 R r will approach or exceed unity, and the droplet surface will no longer be that of a spherical cap. It will instead have a height given by the capillary length h cap % ffiffiffiffiffiffiffiffiffiffiffiffi ffi r=q L g p , which is around 1-2 mm in terrestrial gravity. If the droplet radius is increased to 10 mm or more, the "droplet" becomes a puddle or film. The larger radius R produces a bigger plume of vapor, which makes it more strongly affected by buoyancy, as represented by the larger value of the vaporphase Grashof number Gr G
, which is proportional to the cube of the droplet radius. This natural convection enhances the rate of droplet evaporation relative to that produced by pure diffusion. A study by Kelly-Zion et al. 29 showed that the enhancement of evaporation of liquid drops and puddles of 3-methylpentane, hexane, cyclohexane, and heptane can be represented by the simple equation E Ã 511Gr G 0:216 , as shown in Figure 10 , where E * is the drying rate normalized by the drying rate in the absence of convection.
Interfacial kinetic vs. diffusive limitation to mass transfer P vap /P < 0.01 or
If the droplet fluid has modest or low volatility, such that its vapor pressure is much less than the ambient pressure P, then when molecules in the droplet escape the liquid into the vapor, they will typically collide very frequently with surrounding gas molecules before they get far from the interface. As a result, they will bounce back and collide with the liquid-vapor interface often enough to have a high probability to recondense into the liquid. Thus, the net rate of evaporation in this case is controlled by the rate at which molecules can diffuse far away from the interface, not the rate at which they escape from the liquid. This condition typifies modestly volatile liquids, with vapor pressures below around 10 kPa, slowly drying into air at atmospheric pressure. However, if the ambient pressure is reduced substantially, so that P approaches P vap , then the mean-free path of a vapor molecule, which is the distance traveled between collisions, increases as 1/P, and can reach values of tens of microns for pressures below 1 kPa. Since a vapor molecule does not recondense every time it strikes the interface, at low-gas pressure it has a much better chance of permanently escaping the liquid once it's gotten out of the liquid for the Figure 10 . Plot of the dimensionless convective contribution to evaporation as a function of the gas-phase Grashof number.
Here E * c 5 E * 21, where E * is the rate of evaporation from the droplet normalized by the rate of evaporation in the absence of convection. The solid line is the empirical formula (Reprinted from Kelly-Zion, Pursell, Vaidya, and Batra, 29 Coll Surf A: Physicochem Eng Aspects; 381,1-3:31-36, 2011, with permission from Elsevier). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.] first time. In this situation, escaping the interface for the first time can become the rate-controlling step for evaporation.
Most studies of droplet drying are carried out at atmospheric pressure of air with only moderately volatile droplets, where vapor-phase diffusion controls the drying rate. In this case, the drying rate is given by Eq. 3. However, Ward and coworkers [30] [31] [32] [33] have studied extensively the case in which the gas pressure is reduced by a vacuum pump to a value comparable to the vapor pressure, that is, down to values below 1 kPa for water, ethanol, and other small-molecule liquids. For such a situation, the vapor diffusivity D vap approaches 10 cm 2 /s, and evaporative fluxes predicted by Eq. 3 exceed by a factor of 100 those obtained at atmospheric pressure. It is found, in these cases, that the measured evaporation fluxes of around 0.05 to 0.3 3 10 24 g/cm 2 s are 10-times lower than predicted by Eq. 3. Thus, for low pressures the drying rate is so fast that it is no longer controlled by vapor phase diffusivity alone but is strongly influenced by the interfacial resistance to mass transfer; that is, by the rate at which molecules can escape the liquid into the gas. This effect is also known as a kinetic limitation to evaporative mass transfer as opposed to a purely vapor-phase diffusive limitation. The interfacial mass transfer rate can be predicted using the statistical rate theory (SRT), which accounts for thermallyactivated transitioning of a molecule from a liquid to a vapor phase. The equations of SRT are relatively complex, 32 but according to Ward and coworkers, they predict accurately the evaporation flux under conditions of low-gas pressure.
When there is a large interfacial barrier to mass transfer (compared to the diffusive barrier in the gas), there is also an interfacial barrier to heat transfer. The temperature on the liquid side of the interface, therefore, falls below that on the vapor side, by [1] [2] [3] [4] [5] C for water at low temperature, 31 depending on the pressure and temperature. By heating the vapor phase up above 100 C, which drives the evaporative flux up to 2 3 10 24 g/cm 2 s, interfacial temperature discontinuities of up to 30 C have been obtained. 31 Most of the work of Ward and coworkers were carried out for liquids exposed to vapor in a funnel, with the liquid forming a hemispherical interface in the diverging section of the funnel. However, drying of a sessile water droplet was also examined at low pressure (ca. 700 Pa) by Ghasemi and Ward, 33 who found temperature differences of around 1 C between the liquid side and the gas side of the interface and, again, rates of evaporation that were limited by interfacial resistance. An interfacial temperature jump is to be expected at low pressures, since the more energetic molecules are the ones that escape the liquid, and the vapor density is too low to allow complete equilibration of temperature across the interface.
A simpler approach than the statistical rate theory for obtaining the evaporation flux in the presence of interfacial resistance to mass transfer is given by the Hertz-Knudsen relationship, as discussed in Ajaev 19 and Maki and Kumar. 20 Using this theory, an estimate of the deviation of the liquid temperature at the interface T I from the saturation vapor temperature T sat (i.e., the interfacial liquid temperature at which the actual interfacial vapor density would equal the saturation value) is given as 20, 34 T I 2T sat T s 5J ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2pR gas T sat =M p aq sat DH vap where J is the evaporation rate (mass per unit area per unit time), M is the molar mass of the evaporating liquid, R gas the gas constant, q sat the saturation vapor density (mass/volume), DH vap the latent heat of evaporation per unit mass, and a the dimensionless "accommodation coefficient", which is less than unity. The latent heat DH vap enters the aforementioned equation through the Clausius-Clapeyron equation, which relates equilibrium vapor pressure to T sat and DH vap . If DH vap is large, the equilibrium vapor pressure is sensitive to temperature, and, hence, a drop in liquid interface temperature chokes off evaporation, and thereby limits the evaporative cooling of the interface. Thus, DH vap acts as a thermostat on the temperature difference T I -T sat . If DH vap is large, the right side of the aforementioned equation is small, and the temperature at the interface will approach the saturation value. The numerator v mol % ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2pR gas T sat =M p , % 20 m/s, is the characteristic velocity of molecules in the gas, and v evap 5 J/q sat is the net average velocity (or flux) of vapor moving away from the interface. Thus, ignoring a for the moment, the right side can be written as a product of ratios: (v evap /v mol )(v mol 2 /DH vap ). The first ratio (v evap /v mol ) is the average component of vapor velocity directed away from the interface divided by the molecular speed, and this ratio is closely related to the fraction of vapor molecules escaping the interface without recondensing. The second ratio v mol 2 /DH vap is twice the kinetic energy per unit mass of the vapor molecules divided by the latent heat per unit mass. The first ratio approaches unity as the overall pressure is dropped and the mean free path in the gas becomes large. Converting the units of the heat capacities in Table 1 
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/a for 1-mm radius droplets. Thus, even for quite small a, there should be negligible temperature jump across the interface, and the assumption of diffusion-limited evaporation is justified unless the rate of vapor diffusion D vap is very high or the droplet radius R is very small. As expected from these simple arguments, Semenov and coworkers have shown computationally that for evaporating water droplets near room temperature, kinetic effects (i.e., interfacial limitations to mass transfer) come into play when the droplet radius drops below around 1 mm.
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Most importantly, the temperature jump at the interface should decrease linearly with the rate of evaporation at lowevaporation rates. Thus, when evaporation is slowed greatly by the blanket of air present at atmospheric pressure, which keeps D vap relatively low, then both the interfacial temperature jump, and the interfacial resistances to heat and mass transfer, should become negligible. In fact, predictions of rates of evaporation that neglect these resistances, i.e., predictions given by Eqs. 3 and 5 are in agreement with experimental measurements of drying water droplets at room temperature and pressure. 3 Hereafter, in this review, we will neglect interfacial resistances to heat and mass transfer. Those interested in pursuing this issue further should consult the publications of Ward and coworkers, and Oron et al. 34 We also avoid consideration of vapor recoil, which is the momentum kicked back to the remaining liquid when liquid molecules are launched into the vapor phase by evaporation.
The recoil is just the reaction to the action of evaporation required by Newton's third law. Since this momentum is usually small, and is directed normal to the droplet's surface, where its effects can be resisted by surface tension, it can usually be neglected unless evaporation is violent. For more discussion of this, see Burelback et al. 36 Dimensionless Groups Controlling Substrate Heat Transfer Surface/droplet heat resistivity and conductivity ratios 2 k L h S =k S h 0 and k S =k L The temperature distribution within the droplet depends both on the conduction of heat within the droplet and the conduction of heat to the droplet from the underlying substrate. If the substrate has a high-thermal conductivity k S , relative to that of the droplet k L , then the bottom of the liquid droplet, which is in contact with the substrate, will be isothermal. On the other hand, if k S is small, the liquid will be nonisothermal along the base of the droplet. A reduced value of substrate thermal conductivity will lower the overall temperature in the droplet as well as redistribute the temperature gradient. For the case of a finite substrate thickness, where the bottom of the substrate is assumed to be at ambient temperature, a dimensionless group that controls the temperature distribution in the droplet is S k L h S =k S h 0 , where h S is the thickness of the substrate and h 0 is the droplet height. The estimated total temperature difference between the top of the droplet and the bottom of the substrate is then DT tot 5 DT 1 DT substrate where DT, given by Eq. 4, is the temperature drop across the height of the droplet and DT substrate is the temperature drop across the thickness of the substrate. The overall temperature drop between the top of the droplet and ambient temperature is thus increased by the factor 11k L h S =k S h 0 due to resistance to conduction in the substrate. Thus, in this case, the temperature decrease due to drying can be estimated to be
Note that when k L h S /k S h 0 ) 1, the previous expression gives
That is, when the thermal resistance in the substrate is greater than that in the droplet, it dominates the droplet temperature. In such a situation, the lowest droplet temperature is at the contact line, where evaporation is fastest, rather than at the top of the droplet, where the droplet height is greatest, but the evaporation rate is the lowest. An analysis by Xu et al. 37 which neglects heat convection, gives the following condition for lowest temperature to be at the contact line: k L h S =k S R > ½sin 2h24 ktanðh=2Þ=ð4k12 sin 2 hÞ, where h is the contact angle and k 5 1 = 2 2h/p. For small contact angles, less than 30 , this condition is well approximated by S k L h S =k S h 0 > 1. For large contact angles, greater than 45 , increasing the contact angle further decreases the value of the dimensionless group k L h S /k S h 0 needed to drive the coldest temperature to the contact line, and thereby reverse the Marangoni flow. These theoretical results are supported by experimental observations. 37 If both the droplet height and the substrate are very thin compared to the droplet radius, that is, h s /R ( 1, but S k L h S =k S h 0 )1, so that the thin substrate nevertheless dominates the resistance to heat transfer, then the evaporative flux along the droplet surface becomes nearly uniform. 38 In this case, the rate of evaporation becomes proportional to the surface area of the droplet, not to the radius of the droplet, as is the case when the resistance to heat transfer is primarily within the droplet. In the limit of a very flat droplet (h2>0), instead of Eq. 1, the drying rate in this case (thin substrate, substrate-limited heat transfer) is given by Dunn Thus, for droplets for which S k L h S =k S h 0 ( 1, the longer heat path through the liquid to the top of the droplet will cause the temperature to be lower there rather than at the contact line. 12, 23 In this case, as discussed below, Marangoni flow will cause fluid to be drawn along the free surface toward the top of the droplet, where the temperature is lowest and surface tension highest. For S k L h S =k S h 0 ) 1, the lower temperature will be at the contact line, which will reverse this direction of Marangoni flow. Thus, as the droplet dries out, and the droplet height decreases, the value of S passes through unity and the Marangoni flow should switch from inward along the droplet free surface (i.e., "normal" Marangoni flow) to outward along the free surface. According to simulations of Hu and Larson, 12 this reversal in direction for 1-mm radius water droplets on a 0.15 mm thick cover glass substrate should occur at a contact angle of around 14 . These calculations assume that a fixed temperature is imposed along the bottom of the substrate. Often the temperature assumed for the bottom of the substrate is that of the ambient air temperature far from the droplet. This is reasonable only if the substrate is supported by a solid with highthermal conductivity, such as a metal. Since such conditions are typically only imperfectly realized, most calculations of thermal effects in drying droplets can only be regarded as approximate, at best, even when carried out numerically. The thermal conductivity of glass around room temperature is k g % 2.3 3 10 23 cal/(cm sK) 5 0.96 W/mK, 39 which is about 50% higher than that of water and six times higher than that of simple organic alcohols considered in Table 1 . Evaporation of a droplet on a substrate (cork) with lowthermal conductivity of 0.05 W/mK was carried out by Safiane and coworkers. 38 Temperature Profile for Thin Substrates. Numerical solution of the temperature field can be avoided by recourse to a lubrication-type analysis of the temperature field in the substrate and in the droplet, which neglects heat transfer in the radial direction. This is reasonable for relatively flat droplets and substrates that are thin compared to the droplet radius, such as a microscope cover slip, which is often around 0.1 mm in thickness. The lubrication solution, which also neglects convective heat transfer, and so is valid only for small values of PrRe, is 40
where T 1 is the ambient temperature, and the other parameters have meanings defined earlier. Note that the height profile h(r) is given in Eq. 6. Note also that for small values of k L h S =k S h 0 , the temperature at the contact line where h(r) 5 0, will be equal to the ambient value, which will also be the temperature along the bottom surface of the droplet. Since this expression is only accurate for @h=@r ( 1, we can simplify the expression further without much loss of accuracy to
The temperature inside the droplet (z < h 0 ) is given simply by
Thus, the vertical temperature profile is linear within the lubrication approximation. Note, again, that this only holds if thermal convection is small; i.e., for small PrRe. Because of Marangoni convection, which boosts the velocity U by a factor of Ma U relative to the mass loss velocity U ML 5 R/t f , thermal convection is generally important unless drying is very slow, i.e., for liquids with volatility similar to hexanol at room temperature, for which 1 mm radius droplets take more than an hour to evaporate.
Temperature Profile for Thick Substrates. If the substrate is thick compared to the droplet height, or if the substrate is isolated from heat sources, then most or all of the heat that enters the droplet must be lost from the substrate. In that case, both the droplet and the substrate continue to cool until the droplet has completely dried out. This assumes that no heat is gained from the gas phase. (The thermal conductivity of the gas phase k G , is typically about an order of magnitude lower than that of most liquids and hence the air is taken to be thermally insulating in most analyses. However, if the gas-phase Grashof number Gr G is high, heat will be returned to the droplet from the gas phase by heat convection, which will also accelerate evaporation.) Absent heat transport from the gas phase, the droplet temperature will not reach a quasisteady state, except near the contact line. At quasi-steady state, the radial gradient of temperature at the contact line can be obtained from 23 
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where k h ð Þ50:52h=p, C DH vap J 0 ðhÞ=k L ð2coshÞ 2k , and J 0 (h) is given by Eq. 8. In this case, the radial temperature gradient along the interface can be either positive or negative, depending on the contact angle and the ratio of conductivities of the fluid and the substrate, with a critical value of this ratio given by
For values of k S /k L above the critical value given previously, the temperature decreases from the contact line toward the center of the droplet, while the reverse occurs for values below this critical value; see Figure 11 . Notice that the critical condition does not in this case involve the thickness of the substrate or height of the droplet, since the analysis was carried out only for the temperature gradients near the contact line, and the substrate is taken to be infinitely thick. The analysis predicts that for k S /k L less than around 1.5, the flow along the free surface is toward the contact line; i.e., it is a reverse Marangoni flow. This occurs because the drying rate is fastest at the contact line and if the substrate conductivity is not high enough, there will be a steep dip in substrate temperature, and, hence, a highersurface tension, there. If the substrate thermal conductivity is high, however, the substrate stays warmer than the overlying droplet, even close to the contact line, and so the temperature close to the contact line, where the fluid is thin, will be higher than elsewhere, despite the high rate of evaporation there.
The analysis of Ristenpart et al. 23 breaks down outside of the vicinity of the contact line, and for finite substrate thickness, the analysis of Xu et al. 37 discussed earlier, should be more valid. Finally, it has been observed that as one moves along the liquid-air interface, there can be a reversal in flow direction in a drying water droplet. This reversal occurs at a stagnation point that is within around 10 mm of the contact line, and is thought to arise from the presence of a thin wetting film that begins at the nominal macroscopic contact line and extends along the substrate away from the droplet. Heat transfer effects in this film and the attached droplet are thought to produce the local reversal in flow direction. 41 Heated substrate radius ratio and evaporation number 2 R s /R and E 1 RePr
Given the sensitivity of the droplet flow field to temperature and to thickness and thermal conductivity of the substrate, it is no surprise that heating a portion of the substrate, even modestly, can have a large effect on the flow within the drying droplet. For example, if one heats a circular patch of radius R s centered on the droplet center, the flow pattern is controlled by the ratio R s /R of the radius of the heated patch to the radius R droplet. When R s /R > 1, the contact line is warmer than the apex of the droplet, and normal Marangoni flow results, with liquid pulled to the apex from the contact line. When R s /R < 1, the heat applied near the droplet center is transported to the apex and the Marangoni flow reverses direction. These results were demonstrated through numerical solution by Girard and Antoni. 42 It is of interest that the rate of drying of a small 2 mL water droplet substrate heated to as high as 50 C is not significantly affected by the heating. 43 In recent work by Sefiane and coworkers, 18 a uniformly heated substrate led to convective rolls and "hydrothermal waves" in a sessile drying water droplet, whose temperature field, imaged by infrared thermography, showed complex thermal patterns. A computational analysis showed the formation of Marangoni rolls, the number of which depends on the Prandtl number. Because the substrate is heated, the evaporation number E for this problem is an independent control parameter, whose value is small, around 10 25 for the conditions of these experiments. The small value of E results from the large ratio of DH vap =c p; L % 500 C for typical liquids. The small value of E means that the rate of volume loss produced by evaporation is relatively small compared to the rate at which liquid can be delivered by flow to the region of drying for most of the droplet. However, near the droplet contact line where the liquid layer is thin, the flow is choked off, so that evaporated liquid is not readily replaced by flow, and the liquid may dry out, leading to movement of the contact line. The moving contact line can then disturb the flow throughout the droplet. This effect is clearly seen in the simulations of Karapetsas et al. 18 whose results are sensitive to the values of E, despite their small magnitudes. As will be discussed later, near the contact line, the physics of thin films may become important, and to describe this, an evaporation number that includes these thin-film physics has been introduced by Frastia et al. 44 Vapor pressure sensitivity ratio -
If the temperature at the droplet free surface is reduced, this will proportionately reduce the vapor pressure (or vapor concentration) of the liquid and so slow the droplet drying. R . The reduction in relative evaporation rate (i.e., change in rate normalized by the unchanged rate) will be of similar magnitude to Dq vap /q vap . Thus, if this dimensionless group is 0.5, the evaporation rate will be reduced by about a factor of two or so, with a corresponding reduction in fluid velocity within the droplet. Very volatile liquids, such as acetone, or water at low-gas pressure (so that vapor diffusion is rapid), can have large values of b vap DT, and, hence, large reductions in rates of evaporation relative to their rates in the absence of droplet cooling. If the substrate thermal resistance impedes heat transport, then this reduction in drying rate will be augmented by an additional factor of 11k L h S =k S h 0 . The liquids in Table 1 , at room temperature, have quite small values of b vap DT, less than around 0.1, or so, so the evaporation rate will not be changed much by evaporative cooling of the droplet. Thus, in those cases the evaporation rate can be estimated using the droplet vapor pressure at ambient temperature.
The case in which the droplet surface cools enough to reduce its temperature sufficiently to affect the rate of evaporation was studied experimentally and theoretically by Sefiane and Bennacer, 45 who were able to correlate results for various droplet fluids and substrates of various thermal conductivities using the parameter
Here the product of the first two terms is just the vapor pressure sensitive ratio b vap
Dvap tf Rh0 Figure 12 . Validation of Eq. 23 against experiments, where the ratio of evaporation rate to its rate in the absence of droplet cooling M, is plotted as a function of the dimensionless number SB.
, is similar to the corresponding term in Eq. 14, except that in Eq. 22, the droplet height (h 0 ) has been replaced by the droplet height somewhere near the droplet edge (h edg ), where evaporation is rapid. Sefiane and Bennacer 45 plotted M _ m= _ m 0 , which is the ratio of the droplet drying rate 2 _ m, normalized by the drying rate in the absence of evaporative cooling. This latter quantity is 2 _ m 0 5pRD vap ð12HÞq vap ð0:27h 2 11:30Þ according to Eq. 3. Their plot is shown in Figure 12 , and it includes drying rates for water, ethanol, and acetone, drying over a substrates aluminum, titanium, Macor (a type of ceramic) and Teflon, with atmospheres of helium, carbon dioxide and nitrogen, at pressures ranging from 0.04 to 1 atm. This range of conditions provided a broad enough range of values of SB for the effect of evaporative cooling on drying rate to be thoroughly explored. Notice in Figure 12 that for M below around 0.1, there is little effect of evaporative cooling on drying rate, but for higher values of M, the drying rate drops much lower. Two of the lines plotted in Figure 12 correspond to the simple equation
with the dimensionless constant a assigned the value 1 or 0.4. Results for a model in which SB appears squared (the "quadratic" model) are also plotted; see Sefiane and Bennacer 45 for details. These simple equations provide useful methods of estimating when evaporative cooling will influence droplet drying times and how large this influence will be.
Moving Contact Line and Precursor Films
So far, we have focused on the case of a pinned contact line, which fixes the droplet radius during evaporation. While this assumption holds for some droplets throughout most of the evaporation process, in other cases, the contact line recedes soon after drying starts. In essentially all cases, the contact line eventually recedes, although perhaps only during the last seconds of drying. Roughly speaking, there are three modes of contact line motion: (1) pinned contact line, decreasing contact angle, (2) constant contact angle, decreasing droplet radius, and (3) decreasing of both radius and contact angle. All three modes can be seen in Figure 13 , for drying water droplets on poly (methyl methacrylate) (PMMA) and poly(a-methyl styrene) (PAMS) polymer surfaces. For these droplets and substrates, the initial contact angle is not too far from 90 , and each mode of drying persists for a significant period of time, depending on the initial droplet volume. Initially, the droplet contact line is pinned (Figure 13b) , and the contact angle is forced to decrease with time (Figure 13a ). After the contact angle has decreased significantly, the contact line begins to recede, with the contact angle fixed at a value lower than the initial value. Eventually, the contact angle begins to decrease again, while the contact line continues to move inward.
Some examples of the change in water droplet radius with time of drying for a wider range of substrate wettabilities are shown in Figure 14 . 47 Note in Figure 14 that for a low-initial contact angle, and large-initial radius, namely water on glass, (top line on Fig. 14) the first drying regime dominates as the droplet radius remains nearly constant until almost the completion of drying, and then it rather abruptly collapses. For the hydrophobic surfaces coated with CytopV R (circles) and PTFE (squares), the contact angle is initially greater than 90 , and there is essentially no regime of pinned contact line; the contact angle remains roughly constant for a time as the contact line retreats (Figure 14-bottom lines) . Intermediate cases, with initial contact angles between 60 and 90 , show behaviors similar to that displayed in Figure 13 -the contact line is initially pinned, but depinning occurs well before the droplet has completely dried. In general, pinning is more prevalent when the initial contact angle is less than 90 , but for contact angles greater than 90 , the pinning regime can be absent. However, there are exceptions to this: Shin et al. 48 observed pinning of a water droplet on a substrate coated with octadecyltrichlorosilane (OTS), with a contact angle of 120 . Pinning on this hydrophobic surface was evidently caused by surface roughness. Another exception, in the opposite direction, is water on atomically smooth mica, which despite having a contact angle less than 90 , shows essentially no pinning.
1 Thus, the pinning or movement of the contact line is governed by both wetting force and surface roughness. For an ideally flat, chemically homogeneous, surface, the contact angle should theoretically always remain at its equilibrium value h 0 , given by the Young equation
Here c is the liquid/air surface tension, while c SG and c SL are the substrate/gas and the substrate/liquid surface tension (or surface energy per unit area). When the liquid is first deposited onto a relatively smooth homogeneous surface, the initial contact angle, produced by spreading of the liquid onto the surface, is called the advancing angle h A , and it can be larger than the equilibrium angle h 0 . When the droplet evaporates, the contact line has no thermodynamic driving force to retreat until the contact angle has dropped below h 0 . Thereafter, although there is a driving force to retreat, the contact line can remain pinned until the contact angle has decreased to a still lower value, called the retreating angle h R . In the experiments of Figure 13 , the advancing and receding angles h A and h R were directly measured by ejecting a liquid droplet onto a surface and then withdrawing this liquid using a needle syringe. 46 The values of h A and h R measured this way were close to the contact angles measured at the start of drying and at the first transition from pinned to moving contact line, shown in Figure 13a . The difference between h A and h R is known as the contact angle hysteresis, and it is evidently responsible for the existence of the initial pinned contact line, and the transition to the second regime of a moving contact line with fixed contact angle. For the smooth hydrophobic surfaces considered in the bottom two curves of Figure 14 , the hysteresis is evidently small, since the contact line retreats immediately after drying starts, and the contact angle during retreat initially remains close to its initial advancing value. The driving force for contact line retreat can be expressed in terms of the deviation dh of the contact angle from its equilibrium value. Thus, this driving force dF, can be estimated from Eq. 24 to be 47 dF5c cosðh 0 2dhÞ2c cosðh 0 Þ % c sinðh 0 Þdh
Note from Eq. 25 that as h 0 increases from 0 to around 90 , sin(h 0 ) increases, and, hence, a smaller dh is required to Figure 15 . Droplet radius, upper curve, left axis in mm, and apparent contact angle, lower curve, right axis in radians, for an octane droplet, volume 1 ll, deposited on a silica wafer, under complete wetting conditions as a function of time remaining until complete evaporation t 0 2t, where t 0 is the drying time, designated t f elsewhere in this review.
increase the driving force enough to force the contact line to retreat. This can explain the rapid retreat of the contact line when the contact angle is near 90 , compared to the case when it is small.
A special case is that of nearly complete wetting, where the equilibrium contact angle is close to zero, on smooth flat surfaces. Gu ena et al. 49 have studied this case in detail using very clean flat silica surfaces and volatile liquids. An example of their results is shown in Figure 15 , where the droplet radius and contact angle are plotted against the complementary time t f -t (given as t 0 -t in Figure 15) , which is the time remaining before complete evaporation. Thus, the values of early radius and contact angle start at the right side of Figure  15 , and the data for later times in the drying process are plotted leftward from there. In the short initial period (on the far right) the spreading of the droplet across the surface shows as an increase in droplet radius with time since the start of drying. This spreading is governed by "Tanner's laws", which for pure liquids give droplet radii that increase as t 1/10 or t 1/8 , depending on whether the radius is, respectively, smaller than, or larger than, the capillary length 50 ,51 (The exponent increases to around 1 = 4 if solute is present so that there is Marangoni flow. 52, 53 ) Eventually, due to evaporation and diminishing contact angle, the droplet contact line stops advancing and immediately retreats without pinning, in the case considered here of a wetting fluid on a smooth surface. This retreat is also described by a simple power law, but written in terms of t f -t, the time remaining until complete drying. This law is R / ðt f 2tÞ y , where y 5 0.48 for case plotted in Figure 15 . Mass balance dictates that this exponent is related to that for the contact angle R / ðt f 2tÞ y by the equation 2y 1 x 5 1. If the contact angle were to remain at the equilibrium value of zero during contact line motion, then x 5 0, and y would be 0.5. A small deviation from this is seen for organic liquids on smooth surfaces, but for water, the deviation is much greater, and a value of y 5 0.61 6 0.03 is seen for water on mica. 54 This anomalously large value was traced to the natural convection of water vapor, which is less dense than the surrounding air, leading to accelerated evaporation and greater deviation from an equilibrium contact angle. This explanation was confirmed both by suppressing natural convection for water vapor by using confinement, and inducing convection for the heavier organic liquids using a fan. The effects of pinned or unpinned contact lines on the flow in the drying droplet have been analyzed numerically by Petsi and Burganos and by Masoud and Felske. 14 Petsi and Burganos 15 considered a cylindrical cap droplet while Masoud and Felske took the droplet to be a spherical cap. There were also differences in boundary conditions near the contact line; Petsi and Burganos used a slip boundary condition to alleviate otherwise infinite stresses there, while Masoud and Felske avoided infinite evaporative flux at the contact line by modifying the diffusive flux expression (e.g., Eq. 7) so that the evaporation rate near the contact line dropped to zero. The flows resulting from pinned and constant-contact angle conditions are compared in Figures 16 and 17 . For the relatively flat (contact angle h 5 30 ) cylindrical cap, the change from fixed to moving contact line transformed the flow from outwards (Figure 16a) to inwards (Figure 16b ). However, for the spherical droplets with larger contact angles (h 5 60 and 120
) and somewhat different boundary conditions described previously, the outward-directed flow for the pinned contact line (right-b and d in Figure 17) , is changed to a flow with a surface stagnation point when the contact line is allowed to move (left-a and c in Figure 17) .
Deposition of solute at the contact line is expected to increase the hysteresis in contact angle due to particle-induced pinning. Particle-induced pinning was demonstrated by Deegan 2 on atomically smooth mica, and by Weon and Je, 55 who observed the spreading and retreat of droplets of decalin on clean glass both without and with 0.1 and 1 mm radius PMMA particles. The particle-free droplets could both spread by Tanner's law and then retreat because of evaporation. In contrast, the presence of the suspended particles caused pinning of the contact line, once their concentration there reached a linear density of 10% along the droplet perimeter, in agreement with a theoretical prediction. 55 The pinning effect of particles was also observed by Sefiane and coworkers, 47 when they added TiO 2 nanoparticles to water droplets drying on hydrophobic PTFE surfaces; see Figure 18 . Notice in Figure  18 that at higher TiO 2 concentrations the contact angle and contact line radius change discontinuously in a series of jumps. These jumps represent depinning events, followed by repinning of the contact line. The depinning occurs when the contact angle has dropped enough that wetting forces causing the contact line to retreat bring the contact angle below the equilibrium value. During the retreat, the contact angle increases toward the equilibrium value, and the wetting force driving the retreat weakens, leading eventually to repinning. This is again reinforced by further deposition at the new contact line, and the cycle repeats. The deposition pattern resulting from this will be shown in the next section. Here, we simply remark that the pinning and depinning of a droplet contact line during drying is a complex process, controlled by liquid-solid, liquid-air, and solid-air surface energy and surface roughness, which can be time-dependent, if solid is deposited during evaporation. Cyclic pinning and depinning is even observed when a volatile droplet containing nanoparticles is deposited onto an immiscible viscous liquid, 56 so that the solid substrate is replaced by a liquid; in this case there is no surface roughness and therefore the contact angle hysteresis is entirely due to particle deposition at the contact line. Pinning in the presence of suspended particles can be influenced by particle size. For example, in the studies of Sangani et al. 57 smaller particles (ca. 3 mm in diameter or smaller) were transported to the contact line, while larger 50 mm particles migrated to the droplet center. Pinning and depinning can even be affected by the thermal conductivity of substrate material that lies underneath the material that directly contacts the liquid. 47 Theories for rates of movement of contact lines must, therefore, contend with these factors, as well as with hydrodynamic and physicochemical effects. There have been a number of efforts to develop theories for contact line motion. While this topic warrants a review of its own, here we briefly remark that wetting effects in liquid films on solid surfaces are often accounted for through the concept of a disjoining pressure, which arises from a thickness-dependent free energy of a liquid film. 50 Disjoining pressure is a driving force for flow of the liquid in response to the van der Waals and polar interactions between the substrate material and the liquid film. These forces lead to rapid formation an ultra-thin precursor film on the substrate that extends well beyond the macroscopic contact line of the droplet. 50, 58 This film, whose thickness is in the nanometer range, connects continuously to the bulk of the droplet. Hence, when one zooms in to the nanometer scale, the macroscopic contact line disappears and is replaced by a transition region from the bulk droplet to a thin substrate-adsorbed film. Analyses that consider wetting forces, including disjoining pressure, no longer contain an explicit contact line or contact angle as boundary conditions. Equations that include these wetting forces, within a lubrication approach, can be found in Ajaev. 19 These equations describe both the initial time-dependent spreading of the droplet on the surface and its retreat as the liquid dries out. Such equations have been used, for example, to explain the fingering instability observed on drying of thin films. 59 Recently, using a lubricated wetting analysis similar to that of Ajaev, efforts have been made to include the effect of suspended particles on droplet flows. 44, 60 These analyses are too complex to be described in detail here, but are beginning to predict deposition patterns that can be compared to those in experiments, as will be discussed in the next section.
Deposition Patterns
Deposition patterns are in general sensitive not only to the flow pattern in the droplet, but also to the diffusive, rheological, and surface-active properties of the deposited material. Generalizations are difficult, but one important consideration is the diffusivity D of the dispersed material. The value of the dimensionless group Dt f /R 2 will control the degree to which the suspended material can diffuse across the radius R of droplet in the time t f required for drying. For 1-mm (or 0.1 cm) droplets that dry in around 20 min (1000 s), diffusivities D much lower than 10 25 cm 2 /s will prevent the solute from dispersing throughout the droplet. Since even small molecules in low-viscosity solvents have diffusivities as low as 10 25 cm 2 /s, we do not expect much larger polymer molecules or colloids to be able to diffuse across the droplet during drying, but instead will become highly nonuniformly concentrated. During the final stages of drying, even smallmolecule solutes will not be able to diffuse rapidly enough to keep up with nonuniformities in concentration produced by rapid convection and drying effects, and will therefore typically deposit nonuniformly on the substrate.
As discussed in the Introduction, the first deposition pattern to attract significant attention was the "coffee ring" pattern (Figure 1) , first explained by Deegan et al., 1 and supported by later numerical studies by Fischer. 13 The work of Deegan et al., 1 and further studies discussed later, have shown that the coffee ring deposition at the contact line only occurs when (1) the evaporation of liquid at or near the contact line is not somehow suppressed, (2) the contact line is pinned at one location for a significant fraction of the drying time, (3) the solute or particles are not significantly deposited onto the substrate before they can be convected outwards to the contact line, (4) the outward flow driven is not counteracted by inward Marangoni flow, (5) the deposit at the contact line is not swept inward during the last stages of droplet evaporation, and (6) the colloid to be deposited does not form a jammed state on the droplet free surface, preventing its being transported to the contact line. Whether these conditions are met is sensitive to the type of solute or suspended particle, as is considered in the next sections.
Colloidal and nanoparticle deposition
For colloidal particles, the effect of suppression of evaporation near the droplet edge was investigated by Deegan et al., 1 experimentally, by placing droplets in close proximity to each other, so that a higher concentration of droplet phase vapor in the space between the droplets might suppress evaporation there. The result was diminished deposition at the contact line in these regions, as expected. This phenomenon was leveraged by Chen and Evans 61 to produce arched structures by drying arrays of highly concentrated suspensions of alumina powder (see Figure 19) .
If the contact line does not remain pinned, deposition no longer accumulates at the droplet edge. Pinning and depinning can occur once, twice, or many times during the drying of a droplet, depending on the substrate, the particle type, and possibly the conditions of drying. In the case of only two pinning events during the course of drying, Nguyen et al. 62 refer to a "late" pinning mode, to Figure 21 . Top: Schematic of the process by which regularly spaced lines of colloids appear during droplet drying.
Bottom: illustration of the mechanism by which the line spacing is set. The line spacing is the distance y between the contact line and the closest approach to that line that a particle can attain without penetrating the free surface (Reprinted with permission distinguish it from the first, or "early" pinning. An example of regular, periodic, pinning and depinning is depicted in Figure 20 , which shows regular lines of charged colloids deposited onto an oppositely charge surface, at a contact line that periodically pins, depins and repins. The spacing between lines is insensitive to initial particle concentration, and is thought to be set by the closest proximity to the contact line attainable by an approaching particle without penetrating the free surface (see Figure 21) . After a second line of particles forms behind the contact line, the contact line breaks free and retreats to this second line, as observed microscopically. 63 An example in which this process occurs locally is shown in Figure  22 . 2 Here, a dry patch nucleates behind the coffee ring, and particles accumulate along the inside edge of this patch, which pins the contact line there. Multiple events similar to this lead to irregular contact-line deposits.
In the case just discussed, colloids, once deposited onto the substrate, do not move, although the contact line can move by breaking free of the deposited line of colloids. Another possibility is that the contact line might drag the particles with it, pulling them toward the center of the droplet. This has been observed by Morales et al. 64 who manipulated the air-water surface tension and adhesion of 5 mm particles to the substrate by addition of surfactant. Morales et al. 64 developed a simple theory for this that balanced the frictional force resisting movement of the particles along the substrate against the component of capillary force pushing the particles toward the center of the droplet. The frictional force, inferred from the data using this balance, compared favorably to the attachment strength of the particles to the surface. This was measured by determining the speed of a stream of water, flowing parallel to the substrate, needed to wash off deposited particles from the surface. Attachment affinities in excess of above 0.32 mN appeared to be necessary to pin the particles to the surface.
The particles deposited in the work of Morales et al. 64 were observed to slip with the contact line along the surface at lowsurfactant concentration, to pin with the contact line at higher surfactant concentration, and for the contact line to break free of the pinned particles at still higher surfactant concentration, producing intermittent stick-slip motion of the contact line, but no sliding of deposited particles. These regimes, depicted in Figure 23 , could be explained as follows. At low-surfactant concentration, the contact angle is high (Figure 23a) , so that the component of the capillary force acting to press the particles normal to the surface is low. This produces a lowfrictional force resisting particle motion, according to Newton's law of friction (that frictional force is proportional to normal force). At higher surfactant concentration, the contact angle is smaller (Figure 23b ) and the frictional force higher on the particles, pinning them to the contact line. As drying progresses, the pinned contact line develops an even smaller angle, and the deposited particles try to protrude from the droplet surface, producing a yet stronger pinning force. At still higher surfactant concentration, the air-water interface can expand and rupture (Figure 23c ), leaving the outermost ring to dry out and the contact line to retreat until pinned again by new particles from the bulk. Much more complex patterns are possible, include cellular and lamellar structures, sawtooth patterns, and "Sierpinski gaskets", depending on the pinning, depinning, and deposition dynamics (see Figure 24) . 2 Details regarding these and other patterns, scaling laws and descriptions of likely mechanisms can be found in Deegan. The first systematic attempt to develop a quantitative theory to predict which patterns of rings will result from pinning and depinning dynamics was made recently by Frastia et al. 44 Their model is based on two coupled equations, a lubrication equation for hydrodynamics and a mass balance equation for the concentration of particles. The hydrodynamic equation includes a precursor film, the flow through which is governed by a thin-film van der Waals force, the strength of which is given by a Hamaker constant. The viscosity of the particle suspension follows the KriegerDougherty equation gð/Þ5g 0 ð12/Þ 2m , where g 0 is the solvent viscosity and m 5 1.575. Thus, the suspension viscosity increases without bound as the particle concentration increases. A key parameter of the model is a thin-film evaporation number X 0 18bg 0 c=q½6pA 2 jS P j 1=3 (which differs from the evaporation number E defined earlier), where here b is the evaporation rate, c the surface tension, q the fluid density, A the Hamaker constant, andS P is a "spreading coefficient". See Frastia et al. 44 for details. X 0 is the ratio of the rate of evaporation to the rate of convection of the pure solvent in a thin film near the macroscopic contact line. An "effective evaporation number" is X 0 gð/Þ=g 0 , which accounts for the viscosity of the solvent in the presence of particles. When the particle concentration is low, X 0 is small, and convection is rapid. However, the concentration of particles in the thin film increases as evaporation occurs, Figure 26 . "Phase diagram" for self-assembly of nanoparticles during droplet drying on a solid surface. The two ratios of three characteristic velocities determines the deposition pattern.
Here V rad~UML is the magnitude of the radial flow velocity caused by evaporation, V DLVO is the velocity caused by an attractive DLVO force (electrostatics plus van der Waals), and leading eventually to a large rise in viscosity and in the effective evaporation number, so that the suspension becomes hydrodynamically jammed, and forms a pinned line of solute. Eventually the fluid behind this line retreats from it and additional lines might form. A variety of scenarios are possible, as controlled by the particle concentration and the evaporation number, as diagrammed in Figure 25 . These predictions seem not to have been tested yet, and it is possible that other phenomena, including thermal effects, more complex wetting effects, etc., might need to be included in the theory to make it realistic. However, these initial results suggest that theoretical progress is possible, even for such a complex problem as contact line deposits.
Pinning of the contact line does not guarantee that a "coffee ring" deposit will occur at the contact line. A strong electrostatic attraction of the particles to the surface can induce deposition of the particles before they reach the contact line. 65 In addition, a Marangoni flow can sweep the particles toward the center of the droplet, causing deposition there. 17 A "phase diagram" showing these three possibilities as functions of particle velocities induced by attraction to the surface, radial outflow due to evaporation, and Marangoni velocity, are shown in Figure 26 . In mixed colloidal systems, with some particles well dispersed and some not, the Marangoni flow can keep the well dispersed particles in suspension, while the less-well dispersed ones aggregate at the contact line. The result is a flow-induced demixing of complex particle mixtures during drying, a phenomenon of some consequence for printing and drying of inks, from inkjet printers, for example. 66 A uniform deposition pattern on a variety of substrates can also be produced by drying water droplets in an ethanol vapor, whose adsorption reduces the contact angle, and induces droplet spreading and Marangoni flow. 67 Uniform deposition of a monolayer of hexagonally ordered 6-nm spherical dodecanethiol-passivated gold nanocrystals was obtained by Bigioni et al. 68 The process for obtaining this involved diffusion of the small gold nanoparticles to the liquid-air interface, where they assembled into rafts, which resisted convection to the contact line. Instead, the rafts were driven together during late-state drying, as the contact line depinned and the droplet shrunk in radius. At the end, a single large raft, containing as many as 10 8 particles was laid down onto the substrate. Rapid evaporation was observed to be important to this process. The opposite effect of evaporation speed was observed by Mar ın et al. 69 for micron-size spheres, which ordered into a hexagonal phase particles on the substrate if they arrived slowly enough at the contact line during droplet drying. If they arrived at a rate too fast for them to rearrange into hexagonal order, they formed a "glassy" deposit at the contact line. The velocity of arrival below which the ordered phase formed is apparently set by the ratio of the time between successful arrivals of new particles to a position along the contact line to the time required for particles to rearrange by diffusion near the contact line. 69 Consistent with this, Yan et al. 70 showed that by changing the charge of the particles relative to that of the substrate, or by addition of surfactant, the mobility of the particles at the contact line could be increased or decreased, thereby controlling whether ordered or disordered particle assemblies formed. For example, particles of charge opposite that of the surface were relatively immobile and formed a disordered deposit, while the opposite occurred for particles of the same charge as the substrate.
Yet another way of obtaining more uniform deposition is to use elongated micron-size particles, with aspect ratio of 1.2 or greater, as revealed in a series of intriguing experiments by Yunker et al. 71 As with the gold nanoparticles studied by Bigioni et al. 68 Yunker et al. observed that the elongated colloidal particles on the air-liquid interface resist convection to the contact line, resulting in more uniform particle deposition. For the elongated colloidal particles, this resistance is apparently due to the strong deformation of the liquid-air interface that occurs near elongated particles, causing them to repel each other and avoid pile-up at the contact line. The deposit that does form at the contact line is also affected strongly by particle aspect ratio, with variations in deposit height along the droplet periphery being especially sensitive to particle aspect ratio. 72 The variety of ways of forming more uniform deposits suggests the importance of the interaction of convection, Brownian motion, and a variety of liquid-air-particle and liquid-substrate-particle interactions that are not fully understood.
At high-volume fractions of latex particles, the "crust" that forms on the free surface during drying can cover the whole droplet surface and become unable to shrink its area to comply with the shrinking droplet. It may, therefore, buckle inward, leading to a dimple at the top of the droplet, which can under some conditions grow into a hole, leading to a toroidal deposit. 73 For similar reasons dimple can also form during drying of a semicylindrical 2-D linear "droplet" containing a concentrated colloidal suspension, used for example in printing. 74 Other complex deposition patterns can be formed by drying of droplets containing anisotropic particles or mixtures of particles. Vakarelski and coworkers 75 formed gold nanoparticle wires on substrates, using deposited large particles for templates around which gold nanoparticles assembled into wires. Strano and coworkers 76 found that suspended nanotubes would align when dried onto a substrate from a droplet. If the nanotubes are attached at one end to the surface and aligned vertically in a dense array, the flow during drying can organize them into foam-like cellular patterns. 77 Harris et al. 78 were able to pattern colloidal deposition into regular arrays of spots using a mask over the droplet to impose a regular spatial evaporation pattern. This led to a similarly patterned Marangoni flow, which then transferred this pattern to the colloidal deposition, leading to a beautifully regular array of colloidal deposits. Another way to control colloid deposition is through use of surfactants, which coat the droplet surface and can undergo phase transitions as the droplet dries, which in turn can influence Marangoni convection and the resulting colloid deposition pattern, producing, for example, polygonal networks of deposits. 79 Yet another way of organizing complex patterns is through mixing polymers with colloids. Under conditions where colloid phase separation is induced by the polymer, Senses et al. 80 observed Marangoni eddies near the pinned contact line, producing radial stripes of colloidal particles.
Polymer deposition
When polymer or protein is the solute in a drying droplet containing volatile solvent, some additional interesting features of dried deposits are revealed. An example is shown in Figure 27 , depicting the drying of a heptane droplet containing 5% polydimethylsiloxane (PDMS). In this case, the surface tension of the polymer exceeds that of the solvent. Hence, near the droplet edge, where evaporation increases the polymer concentration, the surface tension is elevated, and Marangoni flow drags fluid to the rim. This leads to a region of inverse curvature near the rim, producing a "Mexican hat" shape. 53 A similar shape has been observed for the drying of protein solutions, and predicted by an analysis that accounts for the large viscosity enhancement produced by the increased protein concentration at the edge. 81 For the polymer solution depicted in Figure 27 , the rippling of the bulge at the rim is evidently produced by a Marangoni instability, made possible by the thickening of the film at the rim, combined with the concentration-dependent surface tension.
For drying of colloid-containing droplets, in Figure 20 , an example of regular colloid line deposits was shown, produced by cyclic pinning and depinning of the contact line. A counterpart to this for polymers is the regular line formation is depicted in Figure 28a (left), which is a series of rings formed sequentially as the result of periodic pinning and depinning of a contact line of a droplet containing stained DNA molecules (in green). 82 The hypothesized mechanism is a stagnation flow behind the contact line that concentrates solute (DNA) at the stagnation ring. One can see this enhanced concentration of DNA behind the series of rings on the left side of Figure  28a . As depicted in the center sketch of Figure 28a , this leads to building of a deposit at an inner ring behind the contact. The film of fluid between the contact line and the inner ring then ruptures as shown in Figure 28a (right). There is also a viscous fingering pattern near the outer ring, which is attributed to the pushing of fluid of lower DNA concentration, and, hence, lower viscosity, against the region of maximum DNA concentration and high viscosity inside the contact line. Such flows of lower viscosity fluid into regions of higher viscosity are known to produce such fingering.
Another example of this was reported by Lin and coworkers, 83 but in this case the "droplet" was confined by a flat substrate below and a spherical surface above, with drying occurring along the edge of the confined fluid. The pattern formed is shown in Figure 29 . Similar patterns, but with different large-scale geometries, can be formed using differently curved surfaces, such as cylindrical surfaces. 84 In addition, prolonged pinning, following by depinning, followed by secondary pinning, has also been observed in polymers, 85 analogous to that seen in colloidal suspensions, discussed earlier.
As observed by Doi and coworkers, 85 for relatively concentrated polymer solutions, a "crust" of polymer can form on the free surface, analogous to that formed by high concentrations of colloidal particles during drying. As with colloidal suspensions, the crust can buckle when solvent evaporates by diffusion through the crust, leading to a thin deposit at the center and a thicker rim, forming a "Mexican hat" polymer deposit. 85, 86 A particularly unusual tall conical polymer deposit was observed by Willmer et al. 87 for poly(ethylene oxide) solutions of initial concentration greater than 3%. These conical deposits could be hollow and almost 50% higher than the height of the initial droplet! They explained their observations by invoking a "bootstrap" process in which polymercontaining liquid is lifted up along freshly deposited material during retreat of the contact line.
Crystal and protein deposition
Complex semiperiodic deposits can also be produced by crystallizing solutes, including simple salts, sometimes mixed with proteins or polyelectrolytes. Some of the patterns formed are analogs of those seen with colloids and polymers, including coffee-ring deposits, and concentric rings, produced by pinning and depinning. 88 Some examples of the patterns that can form are shown in Figure 30 include (a) a standard coffee-ring pattern, (b) a dendritic pattern, and (c) an unusual "soccer-ball" pattern. Other patterns observed include concentric rings and triangular crystals. 89 Higher resolution images, including an atomic force microscopy image, of the "soccer-ball" pattern are displayed in Figure  31 . Note that the pattern in Figure 30c corresponds to densepacked polygonal regions containing periodic, or wave-like, deposition patterns. Such crystal patterns are sensitive to the type and concentration of solutes, the substrate wettability, and other factors. [89] [90] [91] [92] The nonuniformity of the deposition is likely related to the super-saturation needed to rapidly nucleate crystals. Once crystallization starts, it likely proceeds rapidly enough to deplete nearby liquid of crystalforming solutes, thus, shutting off deposition over a distance scale set by the distance such salts can diffuse within the available time. A theory that successfully predicts concentric ring spacing for deposited crystals 89 shows that the spacing is proportional to
2 where D is the diffusivity of the salt, q L is the liquid density, h 0 is the initial contact angle, R is the droplet radius, D vap is the diffusivity of the water vapor, H is the humidity far from the droplet, q vap is the saturation vapor pressure of water, V drop is the droplet volume, and / 0 is the initial salt concentration. This quantity is a length-scale that reflects the competition between the rate of diffusion of salt to the rate of volume shrinkage due to evaporation.
The dendritic patterns observed in Figure 30b are common to crystallization in general, such as the ubiquitous snowflake pattern. This dendritic growth occurs because protrusions from a crystal surface, such as corners, stick farther into the solute field, and, hence, experience a steeper concentration gradient than do surrounding areas. Hence, such protrusions tend to grow, which enhances further the concentration gradient, leading to still more growth, and additional protrusions. This mechanism, known as the Mullins-Sekerka instability, 92, 93 is the solid-phase counterpart of a fingering instability in liquids. The sensitivity of the pattern formed to the type and concentration of solute suggests that deposition patterns might be used as easily obtained "fingerprints" for disease markers in blood or saliva. 94 
Applications to disease detection
The possibility that strain patterns left by the drying of biological fluids such as blood or saliva could be the basis of low-cost, low-resource disease diagnostics has been recognized, especially in recent years. [94] [95] [96] [97] Figure 32 shows an example in which stains from blood from two individuals in good health (a and c) are compared to those from diseased individuals (b and d). In low-resource environments, such simple tests could quickly determine which individuals need further testing, and even possibly suggest the likely disease. A more precise test for a specific disease was developed very recently by Tantrum et al. 95 who showed that a droplet containing magnetic nanoparticles and a fluorescently labeled micron-sized particles could form a ring and other deposition patterns that were sensitive to the presence of poly-Lhistidine, a peptide mimic of a malaria biomarker. Given the prevalence and devastation wrought by malaria in underdeveloped countries, such a test, if made inexpensive and reliable, could be a life-saver. Recent work by Wen et al. 96 shows the possibility of detecting another protein, athrombin, in human serum using aptamer beacons to produce fluorescence signals sensitive to the presence of the protein.
To make such methods useful in an environment where skilled workers are scarce, a method of automating such tests would be highly desirable, and, in fact, a method of computer-automated recognition of stain patterns has also [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary. com.] been recently proposed and demonstrated by Kim et al. 98 Further developments in this fast-moving area are likely in the near future.
Summary and Concluding Remarks
I have reviewed the very rich phenomena involved in drying droplets. The phenomena cover a wide swath of transport phenomena, including momentum, heat, and mass transfer, both in the linear and nonlinear regimes, including free surfaces, and moving contact lines. In addition, colloidal and polymer dynamics, wetting effects, and adhesion play starring roles. Applications range from printing to disease diagnosis. Despite the complexity of the phenomena, theoretical and even analytical predictions are possible in some simple, but realizable, cases. A pinned contact line in a sphericalcap droplet with one-way coupling of transport phenomena is one such case. The analysis of this case by Deegan et al. 1 in 1997 set off a flurry of work on the drying droplet problem that continues to this day.
Given the range of phenomena that I have reviewed, it is difficulty to draw general conclusions. However, it is probably fair to say that understanding of the continuum heat, mass, and momentum transport phenomena for singlecomponent fluids is relatively well developed, while the interfacial, contact-line, and deposition processes in drying droplets are not nearly as well understood. The literature on the latter, while rich and fascinating, is still rather disjointed. While mechanisms are often given for observed deposition patterns, follow-up studies to test these mechanisms by varying the type, size, or concentration of particle or polymer, or the effect of substrate or fluid properties, are rare. Thus, a truly systematic, well-established, body of knowledge on deposition from drying droplets is, for the most part, not yet available. Nevertheless, some common features of deposition patterns are now evident, including single and multiple rings, regularly spaced ring patterns, and dendritic patterns. At least two mechanisms for formation of regularly spaced rings have been identified, one involving periodic contact-line pinning and depinning, and the other involving diffusion-limited deposition. It is encouraging that these periodic patterns can be observed in colloidal, polymeric, and crystallizing deposits, and similar mechanisms likely underlie all of them. In addition, detailed theories, using coupled field equations, have emerged that are predictive to some extent, including equations that describe nanoscale wetting effects.
Thus, there is good reason to believe that significantly better understanding is possible. It is hoped that this review article will more clearly identify where progress is most needed, and most readily attained. In particular, it is hoped that future work will not only seek to identify new phenomena, but that, in addition, careful work will be done to test and refine the models and ideas that have already been put forth. In this way, we may develop a more comprehensive understanding and a greater ability to exploit the wealth of phenomena present in the drying droplets and in the deposition patterns they leave behind.
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